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Abstract

Calculating the reversal distance and �nding one optimal sequence of reversals to transform a genome into
another are useful algorithmic tools to analyse real evolutionary scenarios. When gene duplications are not
allowed, there are polynomial algorithms to solve both problems. However, the number of di�erent optimal
sorting sequences is usually huge and some additional criteria should be taken in consideration in order to
obtain a more accurate analysis.

One strategy is searching for sequences that respect some biological constraints, such as the common
intervals, which are the list of clusters of co-localised genes between the considered genomes - an optimal sequence
of reversals that does not break the common intervals may be more realistic than one that does break. Another
approach is to explore the whole universe of sorting sequences, but, since this set may be too big to be directly
interpreted, a model has been proposed to group the sorting sequences into classes of equivalence, reducing thus
the size of the set to be handled. Recently an algorithm to direct generate the classes without enumerating all
sequences was proposed (besides one representative, this algorithm is also able to give the number of sequences
in each equivalence class). The implementation of this algorithm is one of the most important features of
baobabLuna .

Although the number of classes is much smaller than the number of sorting sequences, it can also be
too big. Thus, to reduce the universe of sequences and classes, baobabLuna makes use of di�erent biological
constraints, such as the common intervals (initially and progressively detected).

In this work we describe baobabLuna , a java framework to deal with genomes and reversals, that
contains the implementations of the mentioned algorithms. We also give details of the technical aspects of
baobabLuna , a description of its interface, download and setup instructions and a tutorial of the executable
programs.
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Chapter 1

Introduction

This work concerns a new software for genome rearrangement analysis, that contains the implementation of
an algorithm that gives a compact representation of all optimal sequences of reversals that sort a genome into
another.

Genomes are subject to constant mutations during evolution. Those mutations can be of small scale,
such as single nucleotide polymorphisms (SNPs), or of largescale, such as reversals, insertions, deletions,
transpositions, fusions and �ssions of chromosomes. Reversals are among the events more frequently observed,
specially in the evolution of prokaryotes. In eukaryotes, reversals have also been observed. As an example,
current theories claim that reversals have a major role to explain the evolution of sexual chromosomes in
mammals and in other organisms [32, 39, 41].

One of the most studied problems in a computational approachto pairwise comparative genomics is to
determine the rearrangements that have transformed one genome into the other. When the accepted events are
restricted to reversals, the genomes are assumed to be free of gene duplications and the orientation of the genes
is taken into account, there are polynomial algorithms to calculate the reversal distance between two genomes
(that is, the minimum number of reversals required to transform a genome into another) and to determine
an optimal sequence of reversals that transforms one genomeinto the other [25, 26]. Several studies propose
algorithms that give one optimal sequence of reversals [2, 9, 22, 24, 44], but there may be a huge number of such
sequences. As we will see later in this manuscript, when comparing two short genomes that share only twelve
homologous markers, for example, the number of optimal sorting sequences can be greater than 30; 000, and it
can be insu�cient when attempting to give a biological inter pretation to know only one among them.

In order to obtain a more accurate analysis, some additionalcriteria should be taken in consideration.
One strategy is searching for sequences that respect some biological constraints, such as common intervals,
which are the list of clusters of co-localised genes betweenthe considered genomes - an optimal sequence of
reversals that does not break the common intervals may be more realistic than one that does break them [22].
Another approach, proposed by Siepel [40], is a method to enumerate all optimal sorting sequences. This is
however almost as useless as providing only one sequence, because often the sequences are so many that the
whole set cannot be presented (when it can be computed). Bergeron et al. [7] then provided a way to group the
parsimonious sequences into equivalence classes. However, no algorithmic study was performed, and in particular
the problem of giving one sequence in each class without enumerating all the sequences was mentioned open.

An algorithm that gives one optimal sequence of reversals that sorts a genome into another per class
of equivalence, and counts the number of sequences in each class was then provided by Bragaet al. [15]. The
number of classes is much smaller than the number of optimal sequences, but it may still be too big to be
interpreted. Thus, to reduce the number of classes even more, both strategies were put together, that is, some
biological constraints were used to �lter reversals and restrain the construction of classes such as only those
whose sequences are in agreement with the given constraintsare constructed. Several di�erent constraints were
applied, such as the common intervals (initially and progressively detected) [14, 15], and the strati�cation of
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2 CHAPTER 1. INTRODUCTION

a genome (speci�c to the X and Y chromosomes evolution). We analyzed qualitatively how the constraints
may a�ect the chronology of the reversals, showing that someof these constraints lead to symmetric (when the
results of sorting a genomeA into a genomeB can be obtained from the results of sortingB into A) and others
lead to asymmetric approaches. In addition, a set of constraints can be applied together, under the condition
that they are compatible.

All the algorithms described in this work were implemented in an object oriented paradigm, integrated
to the software baobabLuna [12], a java framework to deal with genomes and reversals, that is available on-line.
In order to be able to deal with the huge amount of data when constructing the classes of equivalent sorting
sequences, we developed a java structure that is able to e�ciently compress and store the equivalence classes
in a sorted set during the construction. We compared the performance of this structure with a java standard
implementation of a sorted set, showing that we are able to save memory without losing in the execution time.
With baobabLuna , we run experiments of all the variants of the algorithm, showing the gain in the execution
time when the biological constraints are applied.

This manuscript is organized as follows. In Chapter 2, we talk about the methodological background of
baobabLuna , that is the algorithmics of sorting by reversals, the algorithm that gives a representation of the
space of all solutions to the sorting by reversals problem and how to take biological constraints in consideration
to reduce the space to be handled. In Chapter 3 we describe thetechnical aspects ofbaobabLuna [12], which
is a Java framework with the implementations of all algorithms presented in Chapter 2. Chapter 4 contains a
description of baobabLuna interface, setup instructions and a tutorial of the executable programs.
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4 CHAPTER 2. METHODOLOGICAL BACKGROUND AND EXPERIMENTS

2.1 Sorting by reversals

The classical algorithmic problems in pairwise comparative genomics are to compute the rearrangement distance
between two genomes [26], that correspond to the minimum number of rearrangement events that are required to
transform one genome into the other, and to determine an optimal sequence of events to transform one genome
into the other. These problems have several variations, according to the events that may be considered [44].

In this section, we talk about sorting one unichromosomal genome into another by reversals when gene
duplications and insertions are not allowed. Observe that we also assume that the order of the genes is known
in both genomes, which often is not true in practice [46]. Oneof the �rst studies that proposed algorithms
to compute the reversal distance between two genomes was developed by Kececioglu and Sanko� [30], with an
approach that does not take into account the orientation of the genes. Later this approach, calledunsigned
sorting by reversals, was proven to lead to anNP -hard problem [18]. We worked on a di�erent approach, called
signed sorting by reversals, or simply sorting by reversals, in which the orientation of the genes is taken into
account. Kececioglu and Sanko� [30] had already observed that some aspects of signed sorting by reversals were
easier to analyze, and, indeed, this approach can be solved in polynomial time [25, 26], as we will describe in
this chapter.

Despite the simpli�cations (not considering duplications or insertions and assuming that the order of the
genes is known in both genomes) mentioned above, the sortingby reversals problem is very interesting. From
the biological point of view, as we said before, reversals are frequently observed, specially in prokaryotes. And
reversals are also interesting from the algorithmic point of view. First we note that it is always possible to sort
a genome into another by reversals. In the worst case, we needtwo reversals to put each marker of the �rst
genome in the position that it occupies in the second genome (one reversal to put the marker in the proper
position and eventually a second reversal to inverse its orientation). Thus, if the two considered genomes hasn
homologous markers, in the worst case we need 2n reversals to sort one genome into the other. We will see later
in this chapter that in general at most n reversals are su�cient to sort a genome into another and a �ctitious
example is given in Figure 2.1.

Figure 2.1: Sorting genomeA into genome B by reversals only. Homologous markers (usually genes) are
identi�ed by the same numbers and colours. Signs indicate the DNA strand the markers lie on.

Computing the reversal distance, that is, the minimum number of reversals that are required to transform
one genome into the other, and �nding an optimal sorting sequence can be solved in polynomial time [25, 26].
These two problems have been the topic of several works. The fastest algorithm to compute the distance
takes O(n) time [2] and the fastest way to �nd an optimal sorting sequence is subquadratic [9, 24, 44]. It
is possible that this mathematical notion of reversal distance and the method of searching optimal sequences
can underestimate the actual number of steps that occurred biologically. However, the solutions of these two
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problems are still valuable tools that help to analyze and tounderstand evolutionary scenarios. Currently, there
are at least two available softwares to solve these problems. One is the packageGRAPPA1, that is discussed in
more detail in [36] and contains the fastest algorithm to compute the reversal distance (mentioned above). The
other is the software GRIMM2, that is described in [45] and contains one of the most used programs to sort a
genome into another by reversals. These programs were used in particular by Ross et al. [39] in the analysis of
the human sexual chromosomes X and Y and by Blancet al. [10] in the analysis of theRickettsia bacteria.

Observe that with reversals we can simulate a transposition, that is another possible rearrangement
event in unichromosomal genomes. A transposition is said tohappen when two consecutive markers of a genome
exchange their positions. It is always possible to produce the same result as a transposition with a sequence of
three reversals (see Figure 2.2). Thus a sequence ofm transpositions can always be transformed in a sequence
of 3m reversals. However, this does not mean that there is a clear relation between the reversal distance and the
transposition distance. Eventually a sequence ofm transpositions can be replaced by a sequence with less than
3m reversals. Moreover, although the reversal distance can beobtained in polynomial time, the complexity of
computing the transposition distance is still an open problem in the algorithmics of genome rearrangements [3].

Figure 2.2: A transposition or a sequence of three reversalsmay produce the same rearrangement in a genome.
Observe that the three reversals can be applied in di�erent orders.

In the rest of this chapter we will introduce our notation and explain the classical approach of Hannenhali
and Pevzner [25, 26, 38] for the sorting by reversals problem.

2.1.1 Permutations, intervals and reversals

We represent the studied genomes by the list of homologous markers (usually genes or blocks of contiguous
genes) between them. These homologous genomic markers are represented by the integers 1; 2; : : : ; n, with
a plus or minus sign to indicate the strand they lie on. The order and orientation of the markers of one
genome in relation to the other is represented by asigned permutation � = ( � 1; � 2; : : : ; � n � 1; � n ) of sizen over
f� n; : : : ; � 1; 1; : : : ; ng, such that, for each valuei from 1 to n, either i or � i is mandatorily represented, but
not both. The identity permutation (1; 2; 3; : : : ; n) is denoted by I n .

A subset of numbers� � f 1; 2; : : : ; n � 1; ng is said to be aninterval of a permutation � if there exist i; j 2
f 1; : : : ; ng, 1 � i � j � n, such that � = fj � i j; j� i +1 j; : : : ; j� j � 1 j; j� j jg. Given a permutation � and an interval �
of � , we can apply areversal on the interval � of � , that is, the operation which reverses the order and 
ips the
signs of the elements of� , denoted by � � � . If � = ( � 1; � 2; : : : ; � i � 1; � i ; � i +1 ; : : : ; � j � 1; � j ; � j +1 ; : : : ; � n � 1; � n )
and � = fj � i j; j� i +1 j; : : : ; j� j � 1 j; j� j jg,

� � � = ( � 1; � 2; : : : ; � i � 1; � � j ; � � j � 1; : : : ; � � i +1 ; � � i ; � j +1 ; : : : ; � n � 1; � n ):

1The package GRAPPA(Genome Rearrangements Analysis under Parsimony and other Phylogenetic Algorithms) contains several
programs to deal with genome rearrangements and can be downl oaded at http://www.cs.unm.edu/ ~moret/GRAPPA/.

2The software GRIMMcontains also algorithms for multichromosomal genome rear rangements and is available online at http:
//grimm.ucsd.edu/GRIMM/ .
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For example, with the permutation � = ( � 3; 2; 1; � 4) and the interval � = f 1; 2; 4g we have � � � =
(� 3; 4; � 1; � 2). Due to this, an interval � can also be used to denote a reversal.

We say that a permutation is linear when it represents a linear chromosome, orcircular when it rep-
resents a circular chromosome. When a permutation� = ( � 1; � 2; : : : ; � n � 1; � n ) is circular, the circular per-
mutation � = ( � � n ; � � n � 1; : : : ; � � 2; � � 1) (generated by a reversal over all values of� ) and all circular per-
mutations obtained by a shift in � or � are equivalent to � . A shift of i elements in a circular permutation
� = ( � 1; � 2; : : : ; � n � i ; � n � i +1 ; � n � i +2 ; : : : ; � n � 1; � n ) transfers the last i elements of � to the beginning of � .
This operation generates the circular permutation (� n � i +1 ; � n � i +2 ; : : : ; � n � 1; � n ; � 1; � 2; : : : ; � n � i ). Observe, for
example, that the circular permutations � = ( � 3; 2; 1; � 4) and � 0 = ( � 1; � 2; 3; 4) are equivalent (we can obtain
� 0 by applying a shift of 3 on � ).

For a given permutation � = ( � 1; � 2; : : : ; � n � 1; � n ), we say that there is a point between each pair of
consecutive values� i and � i +1 in � . In addition, if � is circular, there is one additional point between� n and
� 1. If � is linear, there are two additional points, one before� 1 and the other after � n . We denote by pts(� )
the number of points in a permutation � . Thus, if � is circular, then pts(� ) = n. Otherwise � is linear and
pts(� ) = n + 1.

When we analyze a permutation� = ( � 1; � 2; : : : ; � n � 1; � n ) with respect to another permutation � T , each
point in � can be anadjacency or a breakpoint. We say that a pair of consecutive values (� i ; � i +1 ) in � is an
adjacency between� and � T when either the values in the pair (� i ; � i +1 ) or the values in the pair (� � i +1 ; � � i )
are consecutive in� T . Moreover, if the permutations are circular, we assume that� n is the last value of � T

3,
and the pair (� n ; � 1) is an adjacency when� 1 is the �rst value in � T . If the permutations are linear, we have
an adjacency before� 1 if � 1 is also the �rst value in � T and an adjacency after� n if � n is also the last value
of � T . All points that are not adjacencies between� and � T are called breakpoints. We denote byadj (� ) the
number of adjacencies and bybrp(� ) the number of breakpoints in a permutation � . It is easy to see that
brp(� ) = pts(� ) � adj (� ). Observe that, if � is sorted, that is, � = � T , then � has only adjacencies and no
breakpoints, and, if � 6= � T , then � has at least one breakpoint.

A sequenceor i � sequenceof reversals� 1� 2 : : : � i is valid for a permutation � if � 1 is an interval of � ,
� 2 is an interval of � � � 1, � 3 is an interval of (� � � 1) � � 2, and so on. If � 1� 2 : : : � i is a valid i � sequence of
reversals for a permutation � , then � � � 1� 2 : : : � i denotes the consecutive application of the reversals� 1, � 2,
. . . � i in the order in which they appear. We say that an i � sequence of reversals� 1 : : : � i sorts a permutation �
into a permutation � T if � � � 1 : : : � i = � T .

The length of a shortest sequence of reversals sorting a permutation � into � T is called the reversal
distance of � and � T , and is denoted byd(�; � T ). Let s = � 1� 2 : : : � i be a valid i � sequence of reversals for a
permutation � . If d(� � s; � T ) = d(�; � T ) � i , then s is said to be anoptimal i � sequence. Moreover, if s is an
optimal i � sequence andi = d(�; � T ), then s is simply called an optimal sorting sequencefor � and � T . We
also de�ne the k� pre�x of an optimal sorting sequences as the sequence composed by the �rstk reversals ofs.
Observe that if s0 is ak� pre�x of an optimal sequences sorting � into � T , then d(� � s0; � T ) = d(�; � T )� k, that is,
s0 is an optimal k� sequence for� and � T . For example, if we consider two linear permutations� = ( � 3; 2; 1; � 4)
and � T = I 4, we haved(�; � T ) = 4 and one optimal sorting sequence isf 1; 2; 4gf 1; 3; 4gf 2; 3; 4gf 3g, whose 1� ,
2� and 3� pre�xes are f 1; 2; 4g, f 1; 2; 4gf 1; 3; 4g and f 1; 2; 4gf 1; 3; 4gf 2; 3; 4g.

Henceforth we will generally use simply the term sequence ori � sequence to refer to an optimal sequence
or optimal i � sequence of reversals. Moreover, for the purposes of our work, the initial and the target permu-
tations � and � T are either both linear, or both circular. Without loss of generality, we often omit the target
permutation � T . In this case, � T corresponds to the identity permutation I n = (1 ; 2; 3; : : : ; n), where n is the
size of the initial permutation � , and the notation d(� ) is equivalent to d(�; I n ).

3 If the permutations are circular, without loss of generalit y, we can assume that the last value in � and � T are the same; if it is
not the case, we take as � an equivalent circular permutation with this characterist ic.
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2.1.2 The breakpoint graph and the reversal distance

As mentioned, given a permutation � , calculating d(� ) and �nding one optimal sequence of reversals sorting�
can be computed in polynomial time. The classical approach for analyzing these two problems was developed
by Hannenhalli and Pevzner [6, 25, 26, 38] and is based on a special structure called the breakpoint graph, whose
edges can beblack or gray.

For a given permutation � = ( � 1; � 2; : : : ; � n � 1; � n ), we construct the breakpoint graph of � as follows. If
� is linear, we may add the values 0 andn + 1, that represent the extremities of the chromosome, obtaining the
permutation � 0 = (0 ; � 1; � 2; : : : ; � n � 1; � n ; n + 1). If � is circular (without loss of generality we assume� n = n),
we may add only the value 0, obtaining the permutation � 0 = (0 ; � 1; � 2; : : : ; � n � 1; n). Then we may link each
pair of consecutive values by a horizontal black edge (each black edge represents a point in the permutation).
Lastly, we may link with gray edges the �rst extremity of the b lack edge that appears after zero or a positive
value i (analogously the last extremity of the black edge that appears before a negative value� i ) with the last
extremity of the black edge that appears before a positive value i + 1 (analogously the �rst extremity of the
black edge that appears after a negative value� (i + 1)). Thus, each gray edge links extremities of black edges.
At the end, we have a graph with a collection of cycles, and in each cycle black and gray edges alternate. When
a cycle contains only one black and one gray edge, it covers anadjacency and is calledtrivial cycle. The cycles
that contain four or more edges cover at least two breakpoints and are calledlong cycles. The construction of
the breakpoint graph of a linear permutation is illustrated in Figure 2.3 (A).

(A)

(B) (C)

Figure 2.3: (A) The construction of the breakpoint graph for the linear permutation � = ( � 3; 2; 1; � 4) is done
by the following steps: 1- add the values0 and +5 , that represent the extremities of the chromosome; 2- link
each pair of consecutive values by a black edge. 3- link with gray edges the �rst extremity of the black edge
that appears after zero or a positive valuei (analogously the last extremity of the black edge that appears
before a negative value� i ) with the last extremity of the black edge that appears before a positive valuei + 1
(analogously the �rst extremity of the black edge that appears after a negative value� (i + 1)). The obtained
breakpoint graph has one long cycle with �ve breakpoints andno adjacencies. (B) The breakpoint graph for
the circular permutation ( � 3; 2; 1; � 4), which is equivalent to the circular permutation ( � 1; � 2; 3; 4). In this
case, in the �rst step we may add only the value0 in the beginning of (� 1; � 2; 3; 4), henceforth the procedure is
identical. This graph has two cycles: one trivial cycle (which correspond to the adjacency between 3 and 4) and
one long cycle with three breakpoints. (C) The breakpoint graph for the linear permutation I 4 = (1 ; 2; 3; 4).
This graph has �ve trivial cycles (each trivial cycle is an adjacency) and no breakpoints.

Observe that, for a given permutation � , the breakpoint graph is di�erent depending on whether �
is linear or circular, as we can see comparing the graph for the linear permutation (� 3; 2; 1; � 4) and the
circular permutation ( � 3; 2; 1; � 4) (Figure 2.3 (A) and (B)). However, they can be analyzed exactly in the
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same way, that is, the only di�erence between circular and linear permutation analyses is the breakpoint graph
construction. Thus, without loss of generality, henceforth we will often talk about breakpoint graphs, without
specifying whether the corresponding permutations are linear or circular. To denote the breakpoint graph of a
permutation � , we will use the same symbol� .

If a permutation � is sorted, it has only adjacencies, and the resulting breakpoint graph is a collection
of pts(� ) trivial cycles (see Figure 2.3 (C)). A breakpoint graph that has only trivial cycles is said to be sorted.
Since a long cycle contains at least two breakpoints, if� is unsorted, then � has at most pts(� ) � 1 cycles.
This indicates that, in order to sort a permutation, we may in duce an increase of the number of cycles in its
corresponding breakpoint graph. The number of cycles in thebreakpoint graph of a permutation � is denoted
by cyc(� ).

Hannenhalli and Pevzner [25, 26, 38] described the e�ects ofa reversal� over a breakpoint graph� . The
authors demonstrated that a reversal� is either a split reversal, that increases the number of cycles by one, (in
this case we havecyc(� � � ) = cyc(� ) + 1), or a joint reversal, that decreases the number of cycles by one (in
this case we havecyc(� � � ) = cyc(� ) � 1), or a neutral reversal, that maintains the number of cycles unchanged
(in this case we havecyc(� � � ) = cyc(� )). In order to characterize these three types of reversals,we assign a
direction to each black edge, according to an arbitrary tourin each cycle of the graph. Then, if the extremities
of the reversal are in black edges in the same cycle and have opposite directions, we have a split reversal. If the
extremities of the reversal are in black edges in di�erent cycles, we have a joint reversal (independently of the
directions of the black edges). Finally, if the extremitiesof the reversal are in black edges in the same cycle and
have the same direction, we have a neutral reversal that doesnot change the number of cycles in the graph. To
understand the reasons of these e�ects, we should investigate how the reversals a�ect the topology of the graph.
In fact, only the two black edges that correspond to the extremities of the reversal are modi�ed. Although
some vertices may also have their corresponding values inversed, all the other edges in paths that alternate gray
and black edges remain unchanged (consequently, their relative directions remain also unchanged). Figure 2.4
illustrates the three types of reversals.

In order to sort a permutation, we must maximize the number of split reversals in the sorting sequence.
With this information, we can start to conceive the formula f or the reversal distance. If we can �nd a sequence
s that has only split reversals for sorting a breakpoint graph � , the length of s is pts(� ) � cyc(� ). However,
a split reversal does not always exist. For example, if all black edges of all cycles in the graph have the same
direction, we cannot perform a split reversal (Figure 2.5 (A)). Thus, in some cases, we may need to add some
joint and/or neutral reversals in a sorting sequence, and the reversal distance isd(� ) � pts(� ) � cyc(� ).

Fortunately, it is always possible to calculate the number of non-split reversals in a sorting sequence.
We can de�ne an exact formula to the reversal distance, but �rst we need to de�ne other properties of the
breakpoint graph. When a cycle in the graph has black edges with opposite directions, it is called an oriented
cycle. Otherwise all black edges in the cycle have the same direction and we have anunoriented cycle. A
component of the graph is a collection of cycles, such that each cycle of the component has at least one gray
edge that overlaps with a gray edge of another cycle in the component. Adjacencies are trivial components,
and a non-trivial component contains at least two breakpoints. When a non-trivial component has at least one
oriented cycle, it is an oriented component. Otherwise it is an unoriented component. Figure 2.5 (B) shows a
breakpoint graph with an oriented and an unoriented component.

A reversal � is calledcut reversalwhen its extremities are in the same cycle of an unoriented component.
A cut reversal is always neutral and transforms an unoriented component into an oriented component (Fig-
ure 2.6 (A)), thus we say that a cut reversal eliminates an unoriented component (observe that a cut reversal
does not change the number of cycles in the breakpoint graph). When the breakpoint graph has more than one
unoriented component, it is not always necessary to use one cut reversal for each unoriented component. An
unoriented componentY separates two other unoriented componentsX and Z when there is a black edge ofY
between any black edge ofX and any black edge ofZ . In this case, a reversal that has one extremity inX and
one extremity in Z will regroup the components X , Y and Z into one oriented component (Figure 2.6 (B));
this kind of reversal is calledmerge reversal. A merge reversal is always a joint reversal that regroupsi unori-
ented components into one oriented component, fori � 2, thus we say that a merge reversal eliminatesi � 2
unoriented components (observe that a merge reversal decreases the number of cycles in the breakpoint graph
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(A1) (A2)
(B1) split reversal

(B2) joint reversal

(B3) neutral reversal

Figure 2.4: The e�ects of a reversal over the breakpoint graph. We may assign a direction to each black edge,
by an arbitrary tour in each cycle of the graph. The images A1 and A2 illustrate how a reversal a�ects the
topology of the graph. The point A,B (respectively A,-C) appears before the point C,D (respectively -B,D) in the
considered permutations. Observe that, with respect to thetopology, only the two black edges that correspond
to the extremities of the reversal are modi�ed. All the other edges in paths that alternate gray and black
edges remain unchanged, although the vertices that are between B and C in the permutation must have their
corresponding values inversed. (A1) The two cycles on the top are joined by a reversal whose extremities are in
the represented black edges. Inversely, the unique cycle onthe botton is split by a reversal whose extremities
are in the represented black edges, that have opposite directions. (A2) The number of cycles in the graph is
not changed by a reversal whose extremities are in black edges in the same cycle, with the same direction. The
images B1, B2 and B3 show the e�ects over the breakpoint graphs represented in the standard form. (B1) Split
reversal: a reversal whose extremities are in black edges inthe same cycle and opposite directions may break
the cycle in two. (B2) Joint reversal: A reversal whose extremities are in black edges in di�erent cycles may
join the two cycles in one (independently of the directions of the black edges). (B3) Neutral reversal: a reversal
whose extremities are in black edges in the same cycle and same directions does not change the number of cycles
in the graph.

by one).

An unoriented component that does not separate two other unoriented components is called ahurdle. We
represent byhrd(� ) the number of hurdles in a breakpoint graph� . Since a hurdle does not separate unoriented
components, each hurdleX can be eliminated either by a cut reversal whose extremitiesare in points of the
same cycle ofX (Figure 2.6 (A)), or together with another hurdle Z by a merge reversal whose extremities are
in a point of X and a point of Z (Figure 2.6 (B)). A cut reversal eliminates one hurdle and does not change
the number of cycles in the graph, while a merge reversal eliminates two hurdles at once, and decreases the
number of cycles in the graph by one. Thus, each hurdle requires one additional reversal and we can improve the
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(A) (B)

Figure 2.5: (A) A breakpoint graph in which we cannot perform a split reversal. (B) A breakpoint graph with
an oriented and an unoriented component.

(A) cut reversal (B) merge reversal

Figure 2.6: (A) A cut reversal transforms an unoriented into an oriented component and does not change the
number of cycles in the breakpoint graph (it is a neutral reversal). (B) The unoriented component Y separates
the unoriented components X and Z. A merge reversal regroupsthe unoriented components X, Y and Z into one
oriented component and decreases the number of cycles in thebreakpoint graph of one (it is a joint reversal).

distance formula to d(� ) � pts(� ) � cyc(� ) + hrd(� ). We say that a hurdle Z protects an unoriented component
Y that is not a hurdle, if Y becomes a hurdle after the elimination ofZ by a cut reversal. In this case, the
hurdle Z is called super-hurdle. Eliminating a super-hurdle by a cut-reversal does not decrease the number of
hurdles in the graph (Figure 2.7), consequently a super-hurdle may always be eliminated together with another
super-hurdle by a merge reversal, that will regroup the two super-hurdles and their corresponding protected
unoriented components into one oriented component (Figure2.6 (B)).

It remains only one particular case to complete the reversaldistance formula. When all the i hurdles of
a breakpoint graph are super-hurdles andi is an odd number, the permutation requires an additional e�ort to
be sorted. A breakpoint graph with this characteristic is called a fortress. One additional reversal is su�cient
to eliminate the fortress (this reversal may be chosen amongseveral possibilities, for example a cut reversal to
eliminate a hurdle, or a merge reversal regrouping two hurdles). We denote byf rt (� ) a value that indicates
whether the breakpoint graph � is a fortress or not. Thus, if � is a fortress, then f rt (� ) = 1, otherwise
f rt (� ) = 0.

Table 2.1 summarizes the e�ects of a reversal that is part of an optimal sorting sequence in a breakpoint
graph. The �nal formula for the reversal distance is:

d(� ) = pts(� ) � cyc(� ) + hrd(� ) + f rt (� )

Remember that if � = ( � 1; � 2; : : : ; � n � 1; � n ) is a linear permutation, then pts(� ) = n + 1. Otherwise �
is a circular permutation and pts(� ) = n.
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Figure 2.7: The unoriented component Y separates the super-hurdles X and Z. After eliminating the super-
hurdle Z by a cut reversal, the component Y becomes a hurdle, thus the number of hurdles in this graph is not
reduced after applying this cut reversal.

Figure 2.8: A fortress with 3 super-hurdles (X, Y and Z).

Reversal Type � cyc ( � ) � hrd ( � ) � f rt ( � )

split split +1 0 n/A

hurdle cut neutral 0 � 1 n/A

hurdle merge joint � 1 � 2 n/A

fortress elim by neutral 0 0 � 1
unor. comp. cut

fortress elim by joint � 1 � 1 � 1
unor. comp. &
hurdle merge

Table 2.1: The e�ects of a reversal that is part of an optimal sorting sequence in a breakpoint graph. The
columns � cyc( � ) , � hrd ( � ) and � f rt ( � ) give, respectively, the variation in the number of cycles, hurdles and
fortress of a permutation after applying each reversal.

2.1.3 Safe and unsafe reversals

If a breakpoint graph does not have unoriented components, it can be sorted with split reversals only. However,
if we take no caution to select a split reversal, it may cause the production of new hurdles, which is an undesirable
side e�ect (Figure 2.9 (A)). A split reversal that produces hurdles is calledunsafe reversal, while a split reversal
that does not produce hurdles is calledsafe reversal(Figure 2.9 (B)). Fortunately, it has been proven that, for
any oriented component, there is always one safe reversal [38].

Hurdles are very rare, and fortresses are even more rare in permutations that represent real genomes [7].
In practice, split reversals are su�cient to sort the majori ty of the permutations, and the main challenge is to
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(A) unsafe reversal (B) safe reversal

Figure 2.9: (A) An unsafe reversal breaks a cycle in two, but creates three unoriented component (X, Y and Z).
(B) Alternatively, a safe reversal breaks a cycle in two without creating unoriented components.

�nd safe reversals. A simple way to do that is testing each split reversal to verify whether it is safe or not, until
�nding a safe reversal. However, there are faster ways to select a safe reversal, and one approach is based on
another structure related to the breakpoint graph, that is called overlap graph(see more details in [29]).

2.1.4 Sorting a signed permutation

With the approach described in this chapter, we can obtain a procedure to sort a permutation � by reversals
(Algorithm 1).

Algorithm 1 Sorting a signed permutation
Input: A signed permutation �
Output: An optimal sequence of reversals sorting �

construct the breakpoint graph of �
s  � [s is an empty sequence in the beginning]
if f rt (� ) = 1 then

choose a reversal� to eliminate the fortress
�  � � �
s  s � � [concatenates the reversal� to s]

end if
while there is a pair of super-hurdles X and Y in � do

choose a merge reversal� to eliminate X and Y
�  � � �
s  s � � [concatenates the reversal� to s]

end while
while there is a hurdle Z in � do

choose a cut reversal� to eliminate Z
�  � � �
s  s � � [concatenates the reversal� to s]

end while
while � is not sorted do

choose a safe split reversal� to �
�  � � �
s  s � � [concatenates the reversal� to s]

end while
return s [s is an optimal sorting sequence for � ]

The theoretical complexity of Algorithm 1 is O(n5), where n is the size of the input permutation [38].
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Further studies improved this theoretical complexity and currently the fastest algorithm to �nd an optimal
sorting sequence is subquadratic [9, 24, 44], while the reversal distance can be computed inO(n) time [2].

2.1.5 The symmetry of sorting by reversals

For any sequence of reversalss = � 1� 2 : : : � d� 1� d sorting a permutation � into a permutation � T , we de�ne the
inverse of s as inv (s) = � d� d� 1 : : : � 2� 1. Observe that the sequenceinv (s) sorts � T into � , and, consequently,
each optimal sequence sorting� into � T has an equivalent optimal sequence sorting� T into � . If we go back
to Figure 2.1, in which the reversal distance between the twogenomes is 4, for instance, we see that, while
the optimal sequences = f 1; 2; 4gf 1; 3; 4gf 2; 3; 4gf 3g sorts genomeA into genome B , the optimal sequence
inv (s) = f 3gf 2; 3; 4gf 1; 3; 4gf 1; 2; 4g sorts genomeB into genomeA. Due to this, the approach of sorting one
genome into another by reversals is said to be symmetric.

2.1.6 Component-speci�c reversals

A merge reversal joins cycles, and, since it only appears in optimal sequences for eliminating hurdles or the
fortress, it merges components. In contrast, a split or a neutral reversal is always internal to a component, and
does not change the properties of the other components in thebreakpoint graph.

Proposition 1 Applying a split or neutral reversal � in a permutation � does not change the components of�
that do not contain the extremities of � (see proof in Appendix A).

Due to this, if a permutation � can be sorted with split and neutral reversals only, then thecomponents of
� can be sorted independently. A breakpoint graph that does not contain super-hurdles can be sorted with split
and neutral reversals only, thus the components of this kindof breakpoint graph can be sorted independently.

Sorting oriented components independently is a topic that has been studied in several works on the
sorting by reversals problem (see for instance [9]).

2.2 The space of all optimal sorting sequences

As we saw in the previous section, when duplications are not allowed, computing the reversal distance between
two genomes and �nding an optimal sequence of reversals thatsort a genome into another can be solved in
polynomial time [25, 26]. However, there are several di�erent optimal sorting sequences. Considering the per-
mutation ( � 12; 11; � 10; 6; 13; � 5; 2; 7; 8; � 9; 3; 4; 1), for example, the number of sorting sequences is 8; 278; 540,
and it can be insu�cient when attempting a biological interp retation to know only one among them.

Alternatively to all the studies that give only one sequenceamong possibly many, Siepel [40] proposed
an algorithm that allows the enumeration of all sorting sequences. The space of all optimal sequences sorting
a permutation � into a permutation � T is de�ned as the setS = f s j s is an optimal sequence sorting� into
� T g.

2.2.1 The symmetry of the space of sorting sequences

Since the sorting by reversals is a symmetric approach, the same is valid for the space of sorting sequences.
Recall that, for any sequence of reversalss = � 1� 2 : : : � d� 1� d sorting a permutation � into a permutation � T ,
we de�ned the inverse ofs as inv (s) = � d� d� 1 : : : � 2� 1. Observe that the sequenceinv (s) sorts � T into � , and,
consequently, each sequence sorting� into � T has an equivalent sequence sorting� T into � .
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Let S be the set of all optimal sequences sorting� into � T . We de�ne the inverse of S as inv (S) =
f inv (s) j s 2 S g.

Proposition 2 The set S contains all optimal sequences sorting� into � T , if, and only if, inv (S) is the set of
all optimal sequences sorting� T into � (see proof in Appendix A).

Due to Proposition 2, we can say that enumerating the optimalsequences that sort� into � T is equivalent
to enumerating the optimal sequences that sort� T into � .

2.2.2 An algorithm to enumerate all sorting sequences

The space of all sorting sequences can be generated thanks toan algorithm proposed by Siepel [40]. Given a
permutation � , the algorithm of Siepel [40] computes all optimal 1� sequences for� . Considering the permutation
� = ( � 3; 2; 1; � 4), for example, the possible 1� sequences aref 1g, f 1; 2; 3g, f 1; 2; 4g, f 2g, f 3g and f 4g. This
algorithm has complexity O(n3) and results in O(n2) reversals, wheren is the size of the input permutation.

With this algorithm, we can obtain the set of all optimal sort ing sequences for a given permutation� .
The sorting sequences can be constructed iteratively, so that, at a step i , for each optimal (i � 1)� sequence
s previously computed we run the algorithm of Siepel [40] to �nd all optimal 1 � sequences for� � s and
concatenate each returned 1� sequence� to the sequences, constructing an i � sequences� . In other words, the
set of i � sequences is computed from the set of optimal (i � 1)� sequences by iterating the algorithm for �nding
all 1� sequences. This iterative procedure is described in Algorithm 2.

Algorithm 2 Enumerating all optimal sorting sequences for a permutation
Input: A signed permutation �
Output: The set of all sequences of reversals sorting�

d  reversal distance of �
R  f � j � is an optimal 1� sequence for� g [Siepel [40]]
S  R
for each integer i from 2 to d do

S0  ; [contains the i � sequences]
for each s in S [s is an (i � 1)� sequence] do

� 0  � � s [apply the ( i � 1)� sequences to � ]
R  f � j � is an optimal 1� sequence for� 0g [Siepel [40]]
for each reversal � 2 R do

s0  s � � [concatenate � at the end of sequences]
insert s0 in S0 [s0 is an i � sequence]

end for
end for
S  S 0

end for
return S [S is the �nal set of d� sequences]

Theoretical complexity of Algorithm 2. The algorithm has time complexity O(n2n +3 ) (see proof in Appendix A).

If � = ( � 3; 2; 1; � 4), running Algorithm 2 for the permutation � will result in 28 optimal sorting
sequences (Table 2.2).

With this method we can explore the solution space of sortinga genome into another by reversals.
Nevertheless the list of all sorting sequences is usually huge, thus enumerating all is almost as useless as giving
only one of them. Table 2.3 shows, by several examples, how the number of sorting sequences may increase as
the reversal distance between the considered genome increases.
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01. f 1gf 1; 2; 3gf 2gf 4g 11. f 1; 2; 3gf 4gf 1gf 2g 21. f 4gf 1; 2; 3gf 1gf 2g
02. f 1gf 1; 2; 3gf 4gf 2g 12. f 1; 2; 3gf 4gf 2gf 1g 22. f 4gf 1; 2; 3gf 2gf 1g
03. f 1gf 2gf 1; 2; 3gf 4g 13. f 2gf 1gf 1; 2; 3gf 4g 23. f 4gf 2gf 1gf 1; 2; 3g
04. f 1gf 2gf 4gf 1; 2; 3g 14. f 2gf 1gf 4gf 1; 2; 3g 24. f 4gf 2gf 1; 2; 3gf 1g
05. f 1gf 4gf 1; 2; 3gf 2g 15. f 2gf 1; 2; 3gf 1gf 4g 25. f 1; 2; 4gf 1; 3; 4gf 2; 3; 4gf 3g
06. f 1gf 4gf 2gf 1; 2; 3g 16. f 2gf 1; 2; 3gf 4gf 1g 26. f 1; 2; 4gf 1; 3; 4gf 3gf 2; 3; 4g
07. f 1; 2; 3gf 1gf 2gf 4g 17. f 2gf 4gf 1gf 1; 2; 3g 27. f 1; 2; 4gf 3gf 1; 3; 4gf 2; 3; 4g
08. f 1; 2; 3gf 1gf 4gf 2g 18. f 2gf 4gf 1; 2; 3gf 1g 28. f 3gf 1; 2; 4gf 1; 3; 4gf 2; 3; 4g
09. f 1; 2; 3gf 2gf 1gf 4g 19. f 4gf 1gf 1; 2; 3gf 2g
10. f 1; 2; 3gf 2gf 4gf 1g 20. f 4gf 1gf 2gf 1; 2; 3g

Table 2.2: The 28 optimal sequences of reversals sorting (� 3; 2; 1; � 4).

Permutation ( � ) N M d( � ) N S

� A = ( � 3; 2; 1; � 4) 4 4 28
� B = ( � 4; 1; � 3; 6; � 7; � 5; 2) 7 6 204

� C = ( � 6; 5; 7; � 1; � 4; 3; 2) 7 6 496

� D = ( � 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1) 12 8 31 ; 752

� E = ( � 4; 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1) 12 9 407 ; 232

� F = ( � 12; 11; � 10; 6; 13; � 5; 2; 7; 8; � 9; 3; 4; 1) 13 10 8 ; 278; 540

� G = ( � 12; 11; � 10; � 1; 16; � 4; � 3; 15; � 14; 9; � 8; � 7; � 2; � 13; 5; � 6) 16 12 505 ; 634; 256

� H = ( � 12; 11; � 10; 6; � 5; 13; 2; 7; 8; � 9; 14; � 15; 3; 4; � 16; 1) 16 13 40 ; 313; 272; 766

Table 2.3: Examples of permutations, their sizes, their reversal distances and their number of optimal sorting
sequences.

2.3 Traces

In the previous section we saw that the enumeration of all optimal sequences of reversals that sort a genome into
another can be done thanks to an algorithm given by Siepel [40]. However, as the list of all sorting sequences is
usually huge, enumerating all is almost as useless as givingonly one of them. Bergeronet al. [7] then observed
that many sorting sequences are equivalent and might be grouped in equivalence classes. This approach can
reduce considerably the universe of sequences to be handled.

Intuitively, all optimal sorting sequences in the same equivalence class are composed by the same re-
versals, but applied in di�erent orders. The 28 sequences that sort the permutation � A = ( � 3; 2; 1; � 4), for
example, can be grouped in two classes of equivalence, one with 24 and the other with 4 sequences (Table 2.4).

Class 1:
01. f 1gf 1; 2; 3gf 2gf 4g 09. f 1; 2; 3gf 2gf 1gf 4g 17. f 2gf 4gf 1gf 1; 2; 3g
02. f 1gf 1; 2; 3gf 4gf 2g 10. f 1; 2; 3gf 2gf 4gf 1g 18. f 2gf 4gf 1; 2; 3gf 1g
03. f 1gf 2gf 1; 2; 3gf 4g 11. f 1; 2; 3gf 4gf 1gf 2g 19. f 4gf 1gf 1; 2; 3gf 2g
04. f 1gf 2gf 4gf 1; 2; 3g 12. f 1; 2; 3gf 4gf 2gf 1g 20. f 4gf 1gf 2gf 1; 2; 3g
05. f 1gf 4gf 1; 2; 3gf 2g 13. f 2gf 1gf 1; 2; 3gf 4g 21. f 4gf 1; 2; 3gf 1gf 2g
06. f 1gf 4gf 2gf 1; 2; 3g 14. f 2gf 1gf 4gf 1; 2; 3g 22. f 4gf 1; 2; 3gf 2gf 1g
07. f 1; 2; 3gf 1gf 2gf 4g 15. f 2gf 1; 2; 3gf 1gf 4g 23. f 4gf 2gf 1gf 1; 2; 3g
08. f 1; 2; 3gf 1gf 4gf 2g 16. f 2gf 1; 2; 3gf 4gf 1g 24. f 4gf 2gf 1; 2; 3gf 1g

Class 2:
01. f 1; 2; 4gf 1; 3; 4gf 2; 3; 4gf 3g 03. f 1; 2; 4gf 3gf 1; 3; 4gf 2; 3; 4g
02. f 1; 2; 4gf 1; 3; 4gf 3gf 2; 3; 4g 04. f 3gf 1; 2; 4gf 1; 3; 4gf 2; 3; 4g

Table 2.4: The two equivalence classes of optimal sequencesof reversals sorting (� 3; 2; 1; � 4).

To formalize the equivalence relation of these classes, we need to introduce the concept ofcommutation.
Two intervals (or reversals) are said tooverlap if they intersect but none is contained in the other. For example,
in the permutation ( � 3; 2; 1; � 4), the intervals f 2; 3g and f 1; 2; 4g overlap, while f 2; 3g and f 1; 2; 3g do not.
Let s = � 1� 2 : : : � i � 1� i � i +1 � i +2 : : : � d be a valid sequence of reversals for a permutation� , and � i and � i +1

be two non-overlapping reversals that appear consecutively in s. As � i and � i +1 do not overlap, then � i +1

is an interval of � � � 1� 2 : : : � i � 1 and � i is an interval of � � � 1� 2 : : : � i � 1� i +1 , that is, the sequences0 =
� 1� 2 : : : � i � 1� i +1 � i � i +2 : : : � d, which is obtained replacing � i � i +1 by � i +1 � i in s, is also a valid sequence of
reversals for � . The operation of inverting the order of two consecutive non-overlapping reversals� i and � i +1
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in a sequence of reversalss is called commutation of � i and � i +1 .

Two sequences are said to beequivalent if one can be obtained from another by a sequence of commuta-
tions of non-overlapping reversals. An equivalence class of optimal sequences of reversals under this equivalence
relation is called trace. It is easy to see that all the sequences in a trace have the same number of reversals. We
denote then by i � trace a trace of i � sequences.

The concept of traces is well studied in combinatorics, see for example [21]. It is particularly relevant in
our study because of a result proven in [7], that states that the set of all optimal sequences of reversals sorting
a signed permutation is a union of traces. As a consequence, if the set of sorting sequences is too big to be
enumerated, the set of traces may be a more relevant result for the problem of sorting by reversals.

Observe that, for a given permutation, all sequences in the same trace are composed by the same
reversals, but not every pair of sorting sequences composedby the same reversals are in the same trace. If we
take the permutation � = ( � 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1), for instance, we �nd two sequences (see
Table 2.5) that sort � and are composed by the same reversals. However, one cannot be obtained by a sequence
of commutations of non-overlapping reversals over the other, thus they are not in the same trace.

f 1; 2gf 7gf 8; 10gf 1; 5; : : : ; 11gf 8; 9gf 1; 3; 4; 12gf 2; : : : ; 12gf 3; : : : ; 11g
f 2; : : : ; 12gf 7gf 8; 10gf 1; 3; 4; 12gf 8; 9gf 1; 5; : : : ; 11gf 1; 2gf 3; : : : ; 11g

Table 2.5: Non-equivalent sequences composed by the same reversals.

2.3.1 The symmetry of traces

For a given trace T of optimal sequences of reversals sorting� into � T , we de�ne the inverse ofT as inv (T) =
f inv (s) j s 2 T g.

Proposition 3 The set T is a trace of optimal sequences of reversals sorting� into � T , if, and only if, inv (T)
is a trace of optimal sequences of reversals sorting� T into � (see proof in Appendix A).

Let T = f T j T is a trace of optimal sequences sorting� into � T g be the set of all traces sorting� into
� T . We also de�ne the inverse ofT as inv (T ) = f inv (T) j T 2 T g.

As a consequence of Proposition 3, we can a�rm thatT is the set of all traces sorting� into � T if, and
only if, inv (T ) is the set of all traces sorting� T into � . Thus, computing the traces from � to � T is equivalent
to computing the traces from � T to � .

2.3.2 Normal form of a trace

A sequences of a traceT is said to be innormal form if it can be decomposed into substrings4 s = u1 < � � � < u m
5

such that:

� every pair of reversals of a substringui is non-overlapping;

� for every reversal� of a substring ui (i > 1), there is at least one reversal� of the substring ui � 1 such
that � and � overlap;

� every substring ui is increasing according to the lexicographic order.

4The \substrings" are all contiguous subsets of the sequence of reversals.
5 In the original notation the normal form is s = u1 j : : : jum , but we prefer to use the symbol ` < ' instead of ` j '.
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A theorem by Cartier and Foata [19] (cited in [7]) states that, for any trace, there is a unique element
that is in normal form. We may therefore represent a trace by its element in normal form. The two traces of
sequences sorting the permutation� = ( � 3; 2; 1; � 4), described in Table 2.4, for example, can be represented
by the corresponding normal formsf 1gf 1; 2; 3gf 2gf 4g and f 1; 2; 4gf 3g < f 1; 3; 4g < f 2; 3; 4g.

Given an optimal sorting sequences = � 1� 2 : : : � d for a permutation � with reversal distance d, the
normal form of the trace T that contains s is constructed by iteratively adding the elements � i , 1 � i � n, to
the normal form f of the (i � 1)� trace containing the sequence� 1 : : : � i � 1. This adding procedure is represented
by f + � i and described by Algorithm 3.

Algorithm 3 Adding an element � i to a normal form f of an (i � 1)� trace: f + � i

Input: The normal form f = u1 < u 2 < � � � < u k of an (i � 1)� trace and the next element � i

Output: The normal form of the i � trace containing the sequenceu1u2 : : : uk � i

Let j be the maximum index such that uj contains an element that overlaps with � i , or 0 if such a uj does not exist
if j = k then

Add a new substring uk +1  � i

else
Add � i to the substring uj +1 , according to the lexicographic order

end if

Theoretical complexity of Algorithm 3. The procedure has complexityO(n2 logn) (see proof in Appendix A).

2.3.3 Computing traces by enumerating all sorting sequence s

An algorithm to enumerate all the traces can be derived from the algorithm that enumerates all the optimal
sorting sequences. For each sequence, we may simply computethe associated trace and add it to the list of
found traces if it is not already in it (Algorithm 4).

Algorithm 4 Enumerating all optimal sorting sequences and computing traces
Input: A signed permutation �
Output: The normal form and counter ( f; c ) of each trace of optimal sequences of reversals sorting�

d  reversal distance of �
S  all optimal sorting d� sequences for� [Algorithm 2]
T  ; [contains the d� traces]
for each s in S [s is a sorting d� sequence] do

f s  � [to construct the normal form of s]
for each � j in s = � 1 � 2 : : : � d do

f s  f s + � j [Algorithm 3]
end for
if there is (f; c ) 2 T such that f s = f then

c  c + 1 [update the counter of the d� trace repr. by f ]
else

insert ( f s ; 1) in T [(f s ; 1) represent a d� trace]
end if

end for
return T [T is the �nal set of d� traces]

Theoretical complexity of Algorithm 4. The algorithm has time complexity O(n2n +3 logn) (see proof in Ap-
pendix A).

The upper bound on the theoretical complexity of Algorithm 4 does not give hope that this method can
be applied to big permutations. We shall actually see in practice that it is intractable for permutations � above
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around d(� ) = 10.

2.3.4 An algorithm to directly enumerate the traces

Bergeronet al. [7] provided no algorithmic insight for enumerating directly the traces, without enumerating all
sorting sequences. The authors stated as an open problem thecomplexity of giving one element in each trace.
Then Braga et al. [15] provided an algorithm to directly enumerate all the classes of equivalent sorting sequences
and to count the number of sequences in each class, without enumerating all the sequences.

The idea of the algorithm to enumerate the traces is almost naturally contained in the following notions.
First notice that for any integer k from 1 to d(� ), if s and s0 are two equivalent optimal k� sequences for� (that
is, s can be obtained froms0 by a sequence of commutations of non-overlapping reversals), then � � s = � � s0.
The equivalence class that contains the sequencess and s0 is called a k� trace. Observe that all sequences in
an k� trace t are pre�xes of at least one traceT of optimal sorting sequences for� . Thus, t is said to be a
k� pre�x of T . In other words, we can say that ak� trace t is a k� pre�x of an i � trace T (k � i ) if and only
if each k� sequence oft is a k� pre�x of at least one i � sequence ofT . In addition, observe that the number of
sequences in ani � trace is the sum of the number of sequences in its (i � 1)� pre�xes (see Figure 2.10).

Figure 2.10: Decomposing a 4-trace in its pre�xes.

We may construct all i � traces simultaneously in an incremental way, without generating all the sorting
sequences. With no additive cost, we also compute the numberof sequences in eachi � trace. The method is
detailed in Algorithm 5.

Theorem 1 At the end of Algorithm 5, T contains, for every trace T of optimal sequences for sorting� , one
element ofT (the normal form) and the number of sequences inT (see proof in Appendix A).

Figure 2.11 illustrates an execution of our algorithm for the permutation � = ( � 3; 2; 1; � 4).



2.3. TRACES 19

Algorithm 5 Enumerating all the traces of a signed permutation
Input: A signed permutation �
Output: The normal form and counter ( f; c ) of each trace of optimal sequences of reversals sorting�

d  reversal distance of �
T  ;
S  f � j � is an optimal 1� sequence for� g [Siepel [40]]
for each reversal � 2 S do

insert ( �; 1) in T [each �rst reversal is a 1� trace]
end for
for each integer i from 2 to d do

T 0  ; [contains the normal forms/sizes of all the i � traces]
for each (f; c ) in T [(f; c ) represents an (i � 1)� trace] do

� f  � � f [apply the ( i � 1)� sequencef to � ]
S  f � j � is an optimal 1� sequence for� f g [Siepel [40]]
for each reversal � 2 S do

f �  f + � [Algorithm 3]
if there is (f 0; c0) 2 T 0 such that f 0 = f � then

c0  c0 + s [upd. the counter of the i � trace repr. by f 0]
else

insert ( f � ; c) in T 0 [(f � ; c) represent an i � trace]
end if

end for
end for
T  T 0

end for
return T [T is the �nal set of d� traces]

Theoretical complexity of Algorithm 5. The algorithm has time complexity O(Nn kmax +4 ), where N is the
number of d� traces andkmax is the maximum width of a d� trace (see de�nition of trace width and complete
proof in Appendix A).

2.3.5 Component-speci�c reversals and trace composition

If a permutation � has two or more unoriented components, the space of sorting sequences for� may contain
sequences that have at least one merge reversal, to merge twounoriented components of� . However, when a
permutation � has at most one unoriented component, no optimal sorting sequence contains a merge reversal.

Proposition 4 If a permutation � has at most one unoriented component, no optimal sequence sorting �
contains a merge reversal (see proof in Appendix A).

Thus, if a permutation � has c non-trivial components and at least c � 1 oriented components, each
optimal sequences sorting � has only split and neutral reversals. Since each split or neutral reversal a�ects one
single component of� (Proposition 1), each optimal sequences sorting � can be partitioned in c subsequences6,
such that the length of s is the sum of the lengths of itsc subsequences and each subsequence contains only
reversals that are internal to one non-trivial component of � .

Proposition 5 Let � be a permutation with c non-trivial components and at most one unoriented component.
Each optimal sequences sorting � can be partitioned in c subsequencess1, s2, . . . , sc, where jsj = js1j + js2j +

6A \subsequence" of a sequence s is obtained by eliminating some of the elements (here revers als) of s while preserving the order
of the remaining elements.
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Figure 2.11: Constructing all the traces for the permutation � = ( � 3; 2; 1; � 4). In this example, the set of
pre�xes of the �nal trace f 1gf 1; 2; 3gf 2gf 4g is disjoint of the set the pre�xes of the �nal trace f 1; 2; 4gf 3g <
f 1; 3; 4g < f 2; 3; 4g. This does not correspond to the general case (�nal traces usually share pre�xes).

: : : + jscj and eachsi contains only reversals that are internal to thei th non-trivial component of � (see proof
in Appendix A).

Observe that each reversal in a subsequencesi that sorts the i th component commutes with each reversal
in a subsequencesj , that sorts the j th component, thus we say that the subsequencessi and sj commute.

For example, the permutation � = ( � 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1) has two non-trivial ori-
ented components, as we can see in Figure 2.12. We callC1 the �rst oriented component, which contains the
points (black edges) that are before� 4, after � 1 and between the values (� 3; 12), (12; � 11), (� 5; 2), (2; � 1).
The second oriented component is thus calledC2 and contains the points that are between the values (� 11; � 8),
(� 8; 10), (10; 9), (9; 7) and (7; � 6). The points between the values (� 4; � 3) and (� 6; � 5) are adjacencies.
One optimal sorting sequence for� is s = f 1; 2gf 8; 10gf 2gf 12gf 7gf 1; 2; 5; 6; : : : ; 11; 12gf 1; 2; 3; 4gf 8; 9g, that
can be partitioned in two subsequencess1 = f 1; 2gf 2gf 12gf 1; 2; 5; 6; : : :; 11; 12gf 1; 2; 3; 4g, that sorts C1, and
s2 = f 8; 10gf 7gf 8; 9g, that sorts C2. It is easy to see thats1 commutes with s2. The set of all traces sorting�
is represented in Table 2.6.

Let � be a permutation with c non-trivial components and at leastc� 1 oriented components. Since each
sequence sorting thei th component commutes with each sequence sorting thej th component of� , we can group
all sequences that sort one component of� in a set of traces. We denote byTi the set of all traces of sequences
sorting the i th component of a permutation � . Table 2.7 represents, for instance, the sets of tracesT1 and T2

that sort respectively the componentsC1 and C2 of the permutation ( � 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1)
(illustrated in Figure 2.12).

Let Ti 2 Ti be a trace of optimal sequences sorting thei th component of � and Tj 2 Tj be a trace of
optimal sorting sequences sorting thej th component of � . We know that each sequence inTi commutes with
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Figure 2.12: The breakpoint graph of the permutation (� 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1) with two
oriented components.

Trace Trace normal form # seq.

1. f = f 1; 2gf 1; 2; 5; : : : ; 12gf 2gf 7gf 8; 10gf 12g < f 1; 2; 3; 4gf 8; 9g 10; 080

2. f = f 1; : : : ; 12gf 2gf 3; 4; 12gf 5; : : : ; 11gf 7gf 8; 10g < f 3; : : : ; 11gf 8; 9g 10; 080

3. f = f 1; : : : ; 12gf 2; : : : ; 12gf 2; 5; : : : ; 12gf 7gf 8; 10gf 12g < f 2; 3; 4gf 8; 9g 10; 080

4. f = f 1; 2gf 7gf 8; 10g < f 1; 5; : : : ; 11gf 8; 9g < f 1; 3; 4; 12g < f 2; : : : ; 12gf 3; : : : ; 11g 336

5. f = f 2; : : : ; 12gf 7gf 8; 10g < f 1; 3; 4; 12gf 8; 9g < f 1; 5; : : : ; 11g < f 1; 2gf 3; : : : ; 11g 336

6. f = f 2; 5; : : : ; 12gf 5; : : : ; 11gf 7gf 8; 10g < f 1; 12gf 8; 9g < f 1; 5; : : : ; 11g < f 1; 2; 3; 4g 840

Total 31; 752

Table 2.6: The 31; 752 optimal sequences of reversals for sorting (� 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1) are
distributed in 6 traces. Each trace is represented by its normal form. The third column indicates the number
of sequences in each trace.

each sequence inTj , thus we say that the tracesTi and Tj commute. We denote byTi 
 Tj the multiplication of
two traces Ti and Tj , de�ned as the set of all sequences that are the result of all possible combinations of each
sequence inTi with each sequence inTj . Observe that Ti 
 Tj is equivalent to Tj 
 Ti . We denote by jjTi jj the
number of sequences in a traceTi , and by ` i the length of each sequence of a traceTi (all sequences in all traces
of Ti have the same length̀ i ). Then the number of sequences inTi 
 Tj corresponds tojjTi jj � jj Tj jj � M (` i ; ` j ),
where M (` i ; ` j ) is the number of possible ways to merge a sequence of length` i with a sequence of length̀ j ,
such that the merged sequences are subsequences of all resulting sequences (it is easy to see thatM (` i ; ` j ) is
equivalent to M (` j ; ` i )). The normal form of the trace Ti 
 Tj can be obtained by adding each reversal in the
normal form of Tj to the normal form of Ti with Algorithm 3.

For example, if s1 = � 1� 2 and s2 = � 1� 2, then all possible ways of mergings1 and s2 are the 6 sequences
� 1� 2� 1� 2, � 1� 1� 2� 2, � 1� 1� 2� 2, � 1� 1� 2� 2, � 1� 1� 2� 2, and � 1� 2� 1� 2. Thus, the number M (2; 2) is equal to 6.
Moreover, consider the traceT1 = � 1� 2 and the trace T2 = � 1 < � 2. SinceT1 has 2 sequences (� 1� 2 and � 2� 1)
and T2 has only one sequence (� 1� 2), the number of sequences inT1 
 T2 corresponds tojjT1jj � jj T2jj � M (2; 2) =
2 � 1 � 6 = 12. If we suppose that � 1 is lexicographically higher than � 1 and � 2, then the normal form of T1 
 T2

is � 1� 2� 1 < � 2.

We also denote byTi 
 T j the multiplication of two sets of traces Ti and Tj , that sort respectively the
i th and the j th components of� , such that Ti 
 T j = f Ti 
 Tj j Ti 2 Ti and Tj 2 Tj g. If a permutation � has
at most one non-trivial unoriented component, the set of traces of optimal sequences sorting� can be obtained
by the subsequent multiplication of the sets of traces sorting its components.

Proposition 6 Let � be a permutation with c non-trivial components and at most one non-trivial unoriented
component. If T is the set of all traces sorting� , then T = T1 
 T 2 
 : : : 
 T c� 1 
 T c (see proof in Appendix A).
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Component C1

Trace Trace normal form # seq.

C 1
1 f = f 1; 2gf 1; 2; 5; : : : ; 12gf 2gf 12g < f 1; 2; 3; 4g 60

C 2
1 f = f 1; : : : ; 12gf 2gf 3; 4; 12gf 5; : : : ; 11g < f 3; : : : ; 11g 60

C 3
1 f = f 1; : : : ; 12gf 2; : : : ; 12gf 2; 5; : : : ; 12gf 12g < f 2; 3; 4g 60

C 4
1 f = f 1; 2g < f 1; 5; : : : ; 11g < f 1; 3; 4; 12g < f 2; : : : ; 12gf 3; : : : ; 11g 2

C 5
1 f = f 2; : : : ; 12g < f 1; 3; 4; 12g < f 1; 5; : : : ; 11g < f 1; 2gf 3; : : : ; 11g 2

C 6
1 f = f 2; 5; : : : ; 12gf 5; : : : ; 11g < f 1; 12g < f 1; 5; : : : ; 11g < f 1; 2; 3; 4g 5

Total 189

Component C2

Trace Trace normal form # seq.

C 1
2 f = f 7gf 8; 10g < f 8; 9g 3

Total 3

Table 2.7: The traces of optimal sequences of reversals for sorting the componentsC1 and C2 of the permutation
(� 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1). Each trace is represented by its normal form. The third column
indicates the number of sequences in each trace.

Table 2.8 shows the multiplication of the sets of traces sorting the componentsC1 and C2 of the permu-
tation � = ( � 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1) to generate all the traces sorting� .

Trace Trace composition and normal form # seq.

C 1
2 
 C 1

1 f 7gf 8; 10g < f 8; 9g 
 f 1; 2gf 1; 2; 5; : : : ; 12gf 2gf 12g < f 1; 2; 3; 4g 3 
 60 = 10 ; 080
f = f 1; 2gf 1; 2; 5; : : : ; 12gf 2gf 7gf 8; 10gf 12g < f 1; 2; 3; 4gf 8; 9g (3 � 60 � M (3 ; 5))

C 1
2 
 C 2

1 f 7gf 8; 10g < f 8; 9g 
 f 1; : : : ; 12gf 2gf 3; 4; 12gf 5; : : : ; 11g < f 3; : : : ; 11g 3 
 60 = 10 ; 080
f = f 1; : : : ; 12gf 2gf 3; 4; 12gf 5; : : : ; 11gf 7gf 8; 10g < f 3; : : : ; 11gf 8; 9g (3 � 60 � M (3 ; 5))

C 1
2 
 C 3

1 f 7gf 8; 10g < f 8; 9g 
 f 1; : : : ; 12gf 2; : : : ; 12gf 2; 5; : : : ; 12gf 12g < f 2; 3; 4g 3 
 60 = 10 ; 080
f = f 1; : : : ; 12gf 2; : : : ; 12gf 2; 5; : : : ; 12gf 7gf 8; 10gf 12g < f 2; 3; 4gf 8; 9g (3 � 60 � M (3 ; 5))

C 1
2 
 C 4

1 f 7gf 8; 10g < f 8; 9g 
 f 1; 2g < f 1; 5; : : : ; 11g < f 1; 3; 4; 12g < f 2; : : : ; 12gf 3; : : : ; 11g 3 
 2 = 336
f = f 1; 2gf 7gf 8; 10g < f 1; 5; : : : ; 11gf 8; 9g < f 1; 3; 4; 12g < f 2; : : : ; 12gf 3; : : : ; 11g (3 � 2 � M (3 ; 5))

C 1
2 
 C 5

1 f 7gf 8; 10g < f 8; 9g 
 f 2; : : : ; 12g < f 1; 3; 4; 12g < f 1; 5; : : : ; 11g < f 1; 2gf 3; : : : ; 11g 3 
 2 = 336
f = f 2; : : : ; 12gf 7gf 8; 10g < f 1; 3; 4; 12gf 8; 9g < f 1; 5; : : : ; 11g < f 1; 2gf 3; : : : ; 11g (3 � 2 � M (3 ; 5))

C 1
2 
 C 6

1 f 7gf 8; 10g < f 8; 9g 
 f 2; 5; : : : ; 12gf 5; : : : ; 11g < f 1; 12g < f 1; 5; : : : ; 11g < f 1; 2; 3; 4g 3 
 5 = 840
f = f 2; 5; : : : ; 12gf 5; : : : ; 11gf 7gf 8; 10g < f 1; 12gf 8; 9g < f 1; 5; : : : ; 11g < f 1; 2; 3; 4g (3 � 5 � M (3 ; 5))

Total 31; 752
(567 � M (3 ; 5))

Table 2.8: Obtaining the traces of sequences of reversals for sorting the permutation
(� 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1) by the composition approach. The value M (3; 5) is equal to
56.

When we compute directly the traces that sort a permutation � , the traces of each component of� are
computed several times. In contrast, when we compute and multiply the traces of the components to obtain
the traces that sort a permutation � , the traces of each component are computed once. Thus, computing and
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multiplying the traces of the components to obtain the traces that sort a permutation � may be more e�cient
than computing directly the traces, and this is con�rmed by t he experimental results, as we will see in the next
section.

2.3.6 Implementation and performance

The implementation of our algorithm to generate directly th e traces7 is part of the baobabLuna package. We
run several tests on arti�cial permutations to evaluate the algorithm's performance. Some results are recorded
in Table 2.9. These numbers may be useful to give an idea of thequantities that we are dealing with, given by
the numbers of sorting sequences and number of traces.

PERMUT. N C N S N T Algorithm Execution time

� F enum seq. ' 13.5 min
n = 12 2 8 ; 278; 540 2; 151 enum+traces ' 30.1 min
d = 10 (1 + 9) (827 ; 854 � M (1 ; 9)) traces ' 27 sec

traceCompos ' 13 sec

� G enum seq. ' 16 h
n = 16 2 505 ; 634; 256 21; 902 enum+traces ' 43.5 h
d = 12 (1 + 11) (42 ; 136; 188 � M (1 ; 11)) traces ' 7.3 min

traceCompos ' 3.2 min

� H enum seq. -
n = 16 2 40 ; 313; 272; 766 567; 524 enum+traces -
d = 13 (1 + 12) (3 ; 101; 020; 982 � M (1 ; 12)) traces ' 4.1 hours

traceCompos ' 1.7 hours

Table 2.9: Computation results (1). Columns from left to right contain: 1- the permutation, its number of
elements and reversal distance; 2- the number of componentsand how the reversal distance is divided between
components; 3- the number of sorting sequences (in parenthesis the number of sorting sequences computed
by traceCompos); 4- the number of traces; 5- the algorithm (enum seqis the algorithm that enumerates
all the sorting sequences,enum+traces is the algorithm that computes the traces by enumerating all sorting
sequences,traces is Algorithm 5, that enumerates directly the traces, traceCompos is the algorithm that
composes a trace of a permutation� by multiplying the traces of the components of � ); 6- the execution
time of each algorithm. The three analyzed permutations are� F = ( � 12; 11; � 10; 6; 13; � 5; 2; 7; 8; � 9; 3; 4; 1),
� G = ( � 12; 11; � 10; � 1; 16; � 4; � 3; 15; � 14; 9; � 8; � 7; � 2; � 13; 5; � 6), and �nally the permutation � H =
(� 12; 11; � 10; 6; � 5; 13; 2; 7; 8; � 9; 14; � 15; 3; 4; � 16; 1), that can not be processed by the algorithmsenumand
enum+traces due to its huge number of sorting sequences. All algorithms are implemented as part of the
baobabLuna package. Experiments were made on a 64 bit personal computerwith two 3GHz CPUs and 2GB
of RAM.

Even if we are quickly limited in the size of the permutations that it is possible to treat, there is a solid
gain in relation to the previous existing methods. Observe that the main limit concerns the amount of memory
that needs to be used, more than the time. In the next section,we present a method to deal with this problem
that consists in pruning the sequences of reversals according to some biological constraints.

2.3.7 Final remarks

In this section we presented the method previously proposedby Siepel [40] to generate the space of all sorting
sequences for a given permutation� . Then we presented the algorithm developed by Bragaet al. to generate
directly a more compact representation of the space of all sorting sequences, in which the sequences are grouped

7Since fortresses are very rare in permutations that represe nt real genomes, the implementation of the algorithm does no t deal
with fortresses.
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in equivalence classes called traces, using a model previously proposed by Bergeronet al. [7]. We showed that
the theoretical complexity of this algorithm is exponential on the width (represented by k), that is a property
of the resulting traces.

The algorithm was implemented, integrated to baobabLuna , and the experimental results show that
the number of traces is considerably smaller than the numberof sorting sequences. Consequently, computing
directly the traces runs considerably faster than computing all sequences. However, the number of traces may
be still too big for being interpreted, and in some cases, toobig for being computed. Indeed, we veri�ed that
currently we are unable to compute traces for permutations with a reversal distance of about 20 or higher.
Nevertheless, for small reversal distances, which is the case of a permutation analyzed by Rosset al. [39] in the
study of the evolution of human sexual chromosomes X and Y, and of the permutations analyzed by Blanc et
al. [10] in the study of the evolution of Rickettsia bacteria, as we will see in the next chapter, our program may
give a more interesting result than programs that give a unique solution, such asGRIMM[45].

We also showed that, for any permutation� that has at most one unoriented component, we can compute
the set of traces that sort each component of� independently, and then obtain the traces sorting� by multiplying
the traces sorting its components. This approach runs faster than computing directly the traces.

In the next section we will talk about the use of some biological constraints in the enumeration of traces,
to reduce the universe of generated traces, that is however not compatible with the strategy of constructing
traces by composition.

2.4 Biological constraints and applications

The space of sorting sequences is dramatically reduced whendealing with traces, but it is often still too big and
can not be computed. Even when it can be computed, frequentlyit is too big to be handled by biologists on
large permutations. An idea to try to solve these problems isto add further biological constraints to reduce the
number of traces. In order to be able to also reduce the amountof required memory and push further the limits
of the algorithm, we may check the constraints during the computation of traces, and not only a posteriori.
We should be able to �lter the reversals at each step, selecting only those that are in agreement with the given
constraints.

Several di�erent biological constraints were considered.One of these constraints is the list of common
intervals detected between the two initial permutations, that may correspond to the list of clusters of co-
localised genes between the considered genomes - an optimalsequence of reversals that does not break the
common intervals may be more realistic than one that does break [22]. This approach was previously used in
other studies that take common intervals in consideration when sorting by reversals [4, 5, 8, 22]. We used the
common intervals initially detected as a constraint and also a new variation of this approach, that is the list
of common intervals progressively detected when sorting one permutation into another by reversals [14]. Other
constraints were de�ned according to the practical problems we were interested in. In particular, we are able
to apply a constraint to analyze directly the strati�cation process in the evolution of the sexual chromosomes
X and Y in human [15, 33].

All variants of the algorithm to generate traces taking biological constraints in consideration are im-
plemented as part ofbaobabLuna . The experimental results show that the number of traces is considerably
reduced when the biological constraints are applied. Consequently, these variants run faster than the algorithm
that generates all the traces. As mentioned, we applied the methods to analyze the evolution of sexual chro-
mosomes X and Y, obtaining a better characterization of thisevolutionary scenario than previous studies, that
were based on a single sorting sequence.
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2.4.1 Modeling traces with biological constraints

Besides two signed permutations� and � T , this method requires a list of compatible q constraints C =
(C1; C2; : : : ; Cq) for selecting the sequences that sort� into � T . We search for traces of sorting sequences
that are in agreement with the given constraints. However, frequently only a subset of the sorting sequences of
a trace is in agreement with the constraints in C, and this subset is called aC� induced subtrace. The trace
construction remains unchanged, but, as a consequence of the selection of the reversals to be performed, we in
fact construct the C� induced subtraces, that compute only the sorting sequencesthat are in agreement with all
the constraints in C. The result of applying this method is the complete set of non-empty C� induced subtraces
and their sizes for the two given permutations and a list of constraints C. Generally we have no guarantee that
a sorting sequence that respects all constraints exists, thus we may have an empty result.

Moreover, frequently the normal form of a trace T is not part of its C� induced subtrace t. Due to
this, when constructing C� induced subtraces, we also give at least one valid representative of eachC� induced
subtrace t, besides the normal form of the traceT that contains t. A C� induced subtrace t can be thus
represented by a 2� tuple (e; f ), where e is any sorting sequence int and f is the normal form of the trace T
that contains t.

We analyzed qualitatively how the constraints may a�ect the chronology of the reversals, showing that
some of these constraints lead to symmetric (when the results of sorting a permutation � into a permutation � T

can be obtained from the results of sorting� T into � ) and others lead to asymmetric approaches. Analogously
to the notation used with traces, for a given subtracet of optimal sequences sorting� into � T , we de�ne the
inverse of t as inv (t) = f inv (s) j s 2 t g). A list of constraints C is said to be symmetric when we have a
C� induced subtracet sorting � into � T if, and only if, inv (t) is also aC� induced subtrace sorting� T into � .
Otherwise, C is said to beasymmetric.

2.4.2 Common intervals

Clusters of co-localised genes are intervals of the genomescomposed by the same genes but not necessarily in
the same order and orientations. These clusters are modeledas common intervals. Thecommon intervalsof two
permutations � and � T are the intervals of � that are present in � T . For example, the interval f 2; 3; : : : ; 7; 8g
is common to the permutations � = ( � 5; � 2; � 7; 4; � 8; 3; 6; � 1) and I 8 = (1 ; 2; 3; 4; 5; 6; 7; 8). The idea behind
common intervals is that, if these genes are together in bothspecies, then probably they were together in the
common ancestor of the two species and were not separated by evolution.

A reversal � breaks an interval � if � and � overlap. Considering, for instance, the permutation
(� 5; � 2; � 7; 4; � 8; 3; 6; � 1), we observe that the reversalf 1; 3; 4; 6; 7; 8g breaks the interval f 2; : : : ; 8g. We
say that all intervals with size equal to 1 and the interval with size n, that comprises the entire permutation,
are trivial common intervals (observe that a reversal neverbreaks a trivial common interval).

The concept of irreducible common intervals has been introduced by Heber and Stoye [27]. The authors
observed that any common interval may contain several smaller common intervals, and de�ned asirreducible
common interval a common interval that does not contain any other common interval di�erent from itself.
Then, the authors showed that any common interval � between two permutations � and � T has a generating
chain of irreducible intervals (
 1; 
 2; : : : ; 
 k ), such that the irreducible intervals 
 1, 
 2, . . . , 
 k are listed in
lexicographic order, and, for each pair of consecutive irreducible intervals 
 j ; 
 j +1 , we have
 j \ 
 j +1 6= ; . A
reducible common interval is a common interval whose generating chain has length at least two, otherwise the
common interval is irreducible. For example, the generating chain of the reducible common interval f 1; 2; 3g
between the permutations (� 3; 2; 1; � 4) and I 4 is (f 1; 2g; f 2; 3g) (the common intervals f 1; 2g and f 2; 3g are
irreducible). Testing whether a reversal breaks an irreducible common interval is su�cient to determine whether
it breaks a common interval.

Proposition 7 A reversal � breaks a reducible interval� , if, and only if, � breaks at least one irreducible interval
in the chain that generates� (see proof in Appendix A).
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As a consequence of Proposition 7, if� does not break any irreducible interval between two permutations
� and � T , then � does not break any reducible interval between� and � T as well. While the number of common
intervals is bounded by n2, the number of irreducible common intervals is bounded byn [27], wheren is the
size of the input permutations.

Initial detection of common intervals

Common intervals between genomes have been the topic of several studies [4, 5, 8, 22]. Nevertheless, in the
comparison of two permutations, the detection of common intervals is usually done at the beginning of the
analysis, an approach that we callinitial detection of common intervals. An optimal sequence of reversals sorting
a permutation � into � T that does not break any (irreducible) common interval initi ally detected between�
and � T is called aperfect sorting sequence. Figure 2.13 shows a non-perfect and a perfect optimal sequences of
reversals.

(A) (B)

Figure 2.13: The permutations (� 5; � 2; � 7; 4; � 8; 3; 6; � 1) and (1; 2; 3; 4; 5; 6; 7; 8) have only one initially
detected irreducible common interval, which is f 2; : : : ; 8g. (A) The reversals f 1; 3; 4; 6; 7; 8g, f 3; 4; 6; 8g,
f 1; : : : ; 5; 8g, f 1; 2; 4; 8g, f 1g, f 5; : : : ; 8g, f 5; 6; 7g and f 1; 2; 3g sort the permutation, but do not preserve the
initially detected common interval. (B) The sequence of reversalsf 2; : : : ; 5; 7; 8g, f 3; 8g, f 2g, f 2; 4; 7g, f 1; : : : ; 8g,
f 2; 4; : : : ; 7g, f 4; 5; 6g and f 3; : : : ; 7g is a perfect sorting sequence that preserves the initially detected common
interval, but does not preserve the new common intervals that appear during the sorting process (such asf 3; 4g
and f 2; 3g).

We analyze the behaviour of traces with respect to sequencesthat do not break the initially detected
common intervals [15]. First, we remark that either all sequences of a trace do not break common intervals
initially detected, or all sequences of a trace break at least one common interval initially detected.

Proposition 8 Every trace of optimal sequences for sorting a signed permutation by reversals contains either
only perfect sorting sequences or no perfect sorting sequence (see proof in Appendix A).

Due to this property, a trace that contains perfect sorting sequences of lengthd(� ) is called a perfect
trace (the normal form of a perfect trace is thus a perfect sorting sequence). Such a trace does not always exist:
all optimal sequences may break common intervals (see [22]).

In addition, given two permutations � and � T , we observe that searching for perfect traces is a symmetric
approach. Indeed, since the list of common intervals do not change when the reversals are applied, ifs is a
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perfect sequence of reversalss that sorts � into � T , then inv (s) is a perfect sequence of reversals that sorts� T

into � .

To compute the perfect traces, we need to introduce a few modi�cations to the original algorithm. We
should �rst compute the initial irreducible common interva ls between the two given permutations. Then, each
time we compute the 1� sequences with Siepel's algorithm, we need to verify whether each one of the resulting
1� sequences breaks or not an irreducible common interval (the1� sequences that break irreducible common
intervals are simply discarded). At the end, we have only theperfect traces, if at least one perfect trace exists.
If no perfect trace exists for the given permutations, we have an empty result.

For comparison purposes, the experimental results of applying this method will be presented together
with the results of the next method.

Progressive detection of common intervals

In the previous approach, the new common intervals that could appear between an intermediary permutation,
after applying some reversals to the initial permutation, and the target permutation, are not considered. Thus,
if a common interval appears between an intermediary permutation and the target permutation, there is no
constraint on the selection of a reversal that breaks this new interval (see Figure 2.13 (B)). Alternatively to the
initial detection, in this work we introduce the progressive detection of common intervals[14], that consists in
updating the list of (irreducible) common intervals between the permutations after each reversal. An optimal
sorting sequence that does not break the progressively detected irreducible common intervals is calledprogressive
perfect sorting sequence. Figure 2.14 shows an example of this approach.

Figure 2.14: An optimal sequence of reversals to sort the permutation ( � 5; � 2; � 7; 4; � 8; 3; 6; � 1) without
breaking the progressively detected irreducible common intervals (listed on the right side).

If we consider the progressive detection of common intervals in the construction of traces, Proposi-
tion 8 does not hold anymore. Considering the permutation (� 5; � 2; � 7; 4; � 8; 3; 6; � 1), for instance, the se-
quences of reversalsf 2; : : : ; 5; 7; 8g, f 3; 8g, f 3; 4; 7g, f 1; : : : ; 8g, f 2g, f 4g, f 2; 3; 4g, f 2; : : : ; 6g and f 3; 8g, f 3; 4; 7g,
f 2; : : : ; 5; 7; 8g, f 1; : : : ; 8g, f 2g, f 4g, f 2; 3; 4g, f 2; : : : ; 6g are in the same trace but, while the �rst preserves the
progressively detected common intervals (as we can see in Figure 2.14), the second does not (after applying the
two �rst reversals, f 3; 8g and f 3; 4; 7g, we have the permutation (� 5; � 2; 3; � 4; 7; 8; 6) with the common interval
f 6; 7; 8g which overlaps with the third reversal, f 2; : : : ; 5; 7; 8g). Thus, when we take the progressively detected
common intervals in consideration, for each trace, only a subset of its sorting sequences is selected. We call this
subset aprogressive perfect subtrace.
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In addition, inverting a progressive perfect sorting sequence that sorts a �rst into a second permutation
generally does not result in a progressive perfect sorting sequence that sorts the second permutation into the
�rst. An example is given in Figure 2.14. Observe that, applying the last reversal f 4; 5; 6g on the permutation
(1; 2; 3; 4; 5; 6; 7; 8) results in the permutation (1; 2; 3; � 6; � 5; � 4; 7; 8), that has the common interval f 4; 7; 8g
with respect to the permutation ( � 5; � 2; � 7; 4; � 8; 3; 6; � 1). The reversal f 3; : : : ; 7g (the third from bottom to
top in Figure 2.14) overlaps with f 4; 7; 8g, thus inverting the progressive perfect sequence of reversals f 2; 4; 7g,
f 4; 5; 7g, f 6g, f 2; 3; 6; 8g, f 1; : : : ; 8g, f 3; : : : ; 7g, f 3; : : : ; 8g, f 4; 5; 6g that sorts ( � 5; � 2; � 7; 4; � 8; 3; 6; � 1) into
(1; 2; 3; 4; 5; 6; 7; 8) does not result in a progressive perfect sequence of reversals that sorts (1; 2; 3; 4; 5; 6; 7; 8)
into ( � 5; � 2; � 7; 4; � 8; 3; 6; � 1). Thus, di�erently from searching for perfect traces, searching for progressive
perfect traces is an asymmetric approach.

When we compare current species, it is not possible to determine a direction to the analysis. In this case,
considering common intervals that appear in intermediary states is meaningless and a symmetric approach is
more adequate. Symmetry is thus an advantage that supports the initial detection of common intervals in many
applications. We suggest however that, when the relation ancestor-descendant between the analyzed genomes is
clear, the progressive detection of common intervals may bemore realistic than the initial detection of common
intervals. In this case, the analysis should be done from thedescendant to the ancestor, since the objective is
to regroup intervals that may have existed in a past time.

To construct the progressive perfect subtraces, we need to modify Algorithm 5. Analogously to the
notation previously introduced, a progressive perfect subtrace whose sorting sequences havei reversals is called
progressive perfecti � subtrace, and a progressive perfectk� subtrace t0 is a k� pre�x of a progressive perfect
i � subtrace t (k � i ) if each k� sequence oft0 is a pre�x of an i � sequence oft. To compute the progressive
perfect subtraces, at each step we use the algorithm of Siepel [40] to list all possible 1� sequences. Then we
�lter these 1 � sequences to discard those that break irreducible common intervals. As a result of this procedure
(see Algorithm 6), we construct directly the progressive perfect subtraces.

As in the original algorithm, we may need to compare subtraces to verify whether a new subtracet is
present in the list of already constructed subtraces (Algorithm 6, step COMPARISON). In order to do that, we
may obtain the normal form f of the trace T that contains t, and comparef to the normal forms of the traces
that contain the already constructed subtraces (the normal form of an i � trace is constructed incrementally,
from the normal form of one of its (i � 1)� pre�xes; see Algorithm 3). Since there is no guarantee that the
normal form is part of a progressive perfect subtrace, we also give one arbitrary valid sorting sequence int
as a representative (the representative of ani � subtrace is also constructed incrementally, by concatenating a
reversal in the end of the sequence that represents one of its(i � 1)� pre�xes). A progressive perfect subtrace
t is thus represented by a 2� tuple (e; f ), where e is any progressive perfect sorting sequence int and f is the
normal form of the trace T that contains t.

The sequencef 1; : : : ; 8gf 2; 4; 7gf 6g < f 2; 3; 6; 8gf 4; 5; 7g < f 3; : : : ; 7gf 3; : : : ; 8gf 4; 5; 6g is the normal
form of the sorting sequence described in Figure 2.14. The normal form is not a progressive perfect sequence,
because after applying the reversalsf 1; : : : ; 8g, f 2; 4; 7g, f 6g and f 2; 3; 6; 8g on (� 5; � 2; � 7; 4; � 8; 3; 6; � 1) we
obtain the permutation (1 ; 2; � 8; 3; � 6; � 7; 4; 5), that has the irreducible common interval f 6; 7g with respect to
the target permutation I 8 = (1 ; 2; 3; 4; 5; 6; 7; 8). The next reversal in the normal form is f 4; 5; 7g, that breaks
this new interval. In this example, the normal form is not a valid representative. However, the progressive
perfect subtrace that contains the sorting sequence described in Figure 2.14 can be represented by the 2� tuple
(e; f ), where e is a valid progressive perfect sequence representative) and f is the normal form (see Table 2.10).

2-tuple

e = f 2; 4; 7gf 4; 5; 7gf 6gf 2; 3; 6; 8gf 1; : : : ; 8gf 3; : : : ; 7gf 3; : : : ; 8gf 4; 5; 6g
f = f 1; : : : ; 8gf 2; 4; 7gf 6g < f 2; 3; 6; 8gf 4; 5; 7g < f 3; : : : ; 7gf 3; : : : ; 8gf 4; 5; 6g

Table 2.10: The 2-tuple representing one progressive perfect subtrace of optimal sequences that sort the per-
mutation ( � 5; � 2; � 7; 4; � 8; 3; 6; � 1).

Thus, for two given permutations � and � T , at the end of Algorithm 6, we have the list of all non-empty
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Algorithm 6 Enumerating all the progressive perfect subtraces of two signed permutations
Input: Two signed permutations �; � T

Output: The representative, normal form and counter ( e; f; c) of each progressive perfect subtrace of sequences of
reversals sorting � into � T

d  reversal distance of (�; � T )
T  ;
I  f � j � is a irreducible common interval between � and � T g [computing irred. common interv. [27]]
S  f � j � is an optimal 1� sequence for� ! � T g [Siepel [40]]
for each 1� sequence� 2 S do

if � does not break an interval in I [�ltering] then
insert ( �; �; 1) in T [each perfect �rst 1 � sequence is a progressive perfect 1� subtrace]

end if
end for
for each integer i from 2 to d do

T 0  ; [contains the representatives/normal forms/counters of a ll the progressive perfect i � subtraces]
for each (e; f; c) in T [(e; f ) repr. the prog. perfect ( i � 1)� subtrace t; c is the counter of t ] do

� f  � � f [apply the ( i � 1)� sequencef to � ]
I f  f � j � is a irreducible common interval between � f and � T g [comp. irred. common interv. [27]]
Sf  f � j � is an optimal 1� sequence for� f ! � T g [Siepel [40]]
for each 1� sequence� 2 Sf do

if � does not break an interval in I f [�ltering] then
f �  f + � [extend the normal form f by adding the reversal � ; see Algorithm 3]
if there exists (e0; f 0; c0) 2 T 0 such that f 0 = f � [COMPARISON ] then

c0  c0 + c [upd. the counter of the progressive perfect i � subtrace t0 repr. by ( e0; f 0)]
else

e�  e � � [simply concatenate � to the sequencee]
insert ( e� ; f � ; c) in T 0 [(e� ; f � ) repr. the prog. perfect i � subtrace t � ; c is the counter of t � ]

end if
end if

end for
end for
T  T 0

end for
return T [T is the �nal set of progressive perfect d� subtraces sorting � into � T ]

progressive perfect subtraces. If no progressive perfect sequence exists for sorting� into � T , we have an empty
result.

Theoretical complexity and experiments

Theoretical complexity of Algorithm 6.

The algorithm has time complexity O(Ln kmax +4 ), where L is the �nal number of computed progressive
perfect subtraces and andkmax is the maximum width of a subtrace. Observe that, for calculating perfect
traces the theoretical complexity is O(Mn kmax +4 ), where M , the number of computed �nal perfect traces. See
the de�nition of trace width in the computation of complexit y of Algorithm 5 in Appendix A and the complete
computation of complexity of Algorithm 6 in Appendix A.

We implemented both algorithms, to compute perfect traces and progressive perfect subtraces, inte-
grated to the baobabLuna package, which also contains the implementation of computing traces. Although
the theoretical complexity of the new approaches is equal tothe original approach, the experimental results,
presented in Table 2.11, revealed that searching for reversals that do not break common intervals is a constraint
that usually reduces the number of traces and sorting sequences, and consequently, the execution time. More-
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over, the reduction is considerably higher when we apply theprogressive detection of common intervals (usually
L < M << N ).

Permutation Algorithm N S N T Execution time

all traces (A $ I 8 ) 81 ; 869 377 ' 5 seconds
A and I 8 perfect traces (A $ I 8 ) 51 ; 304 92 ' 5 seconds

d(A; I 8 ) = 8 p. perf. subtr. (A ! I 8 ) 11 ; 568 12 ' 3 seconds
p. perf. subtr. ( I 8 ! A ) 8 ; 400 5 ' 2 seconds

all traces (B $ I 16 ) 505 ; 634; 256 21; 902 ' 7.3 minutes
B and I 16 perfect traces (B $ I 16 ) 122 ; 862; 960 171 ' 27 seconds

d(B; I 16 ) = 12 p. perf. subtr. (B ! I 16 ) 5 ; 963; 760 6 ' 14 seconds
p. perf. subtr. ( I 16 ! B ) 5 ; 393; 520 9 ' 16 seconds

Table 2.11: The experimental results of computing traces, perfect traces and progressive perfect subtraces (in
both directions), considering the pairs of permutations given by (A; I 8), where A = ( � 5; � 2; � 7; 4; � 8; 3; 6; � 1),
and by (B; I 16), where B = ( � 12; 11; � 10; � 1; 16; � 4; � 3; 15; � 14; 9; � 8; � 7; � 2; � 13; 5; � 6). All algorithms are
part of the baobabLuna package. All experiments were made on a 64 bit personal computer with two 3GHz
CPUs and 2GB of RAM.

Accepting interval breaks

As mentioned, searching for perfect traces or for progressive perfect subtraces may reduce the number of
sorting sequences and traces. However, there is no guarantee that a perfect sorting sequence or a progressive
perfect sorting sequence exists, thus those approaches mayeventually lead to empty results. For example,
the permutation (1 ; 3; � 2; � 11; 5; � 9; � 10; 8; 6; � 7; � 4; 12), whose reversal distance is 9, has no perfect sorting
sequence and no progressive perfect sorting sequence.

Due to this, we propose the construction of near-perfect traces, accepting a bounded number of breaking
reversals per trace. A reversal can have a score of 0 if it doesnot break any common interval, or a score of
1 if one of its extremities breaks common intervals, or of 2 ifboth extremities break common intervals (see
Figure 2.15 (B)). The score of a sequence of reversals is given by the sum of the scores of its reversals and is
bounded by k.

Di�erently from the perfect sequences, the near-perfect sequences of reversals are asymmetric, that is,
inverting a near-perfect sequence of reversals sorting a permutation � into � T with score equal to k does not
necessarily result in a near-perfect sequence of reversalssorting � T into � with the same scorek. The reason is
that, after being broken, a common interval is no longer common and should be removed from the initial list of
common intervals (see Figure 2.15 (A)). Thus, the list of common intervals may be di�erent at each step and
depends on the order the reversals are applied.

For example, when sorting (1; 3; � 2; � 11; 5; � 9; � 10; 8; 6; � 7; � 4; 12) into I 12 there is no perfect sequence
of reversals, and we must accept at least two interval breaks. The irreducible common intervals between these
two permutations are f 1; 2; 3g, f 2; 3g, f 2; : : : ; 11g, f 2; : : : ; 12g, f 4; : : : ; 10g, f 4; : : : ; 11g, f 4; : : : ; 12g, f 5; : : : ; 10g,
f 5; : : : ; 11g, f 5; : : : ; 12g, f 5; : : : ; 11g, f 5; : : : ; 12g, f 6; 7g, f 6; 7; 8g, f 6; 7g, f 8; 9; 10g, f 9; 10g. To construct a
sequence of score 2, we can �rst apply the non-breakings reversals f 2; 3g, f 3g, f 4; : : : ; 11g, f 5; : : : ; 10g, f 7g
and f 9g and obtain (1; 2; 3; 4; 5; 9; � 10; 8; 6; 7; 11; 12). Then we apply the reversalf 6; 7; 8; 10g, with score equal
to one, that breaks the intervals f 8; 9; 10g and f 9; 10g. The next reversal is f 6; 7; 9g, that breaks the interval
f 6; 7; 8g and also has score equal to one. Then the last reversal isf 8; 9g, which is non breaking. But observe
that if we do not remove the already broken intervals from the initial list, the last reversal should be considered
a breaking one (it also \breaks" the interval f 9; 10g), and this sequence would have a score of 3 instead of 2.

A consequence of updating the list of common intervals when we accept a number of interval breaks
bounded by k is that we have near-perfect subtraces instead of traces. Similarly of what happens when we
use the progressive detection, only a subset of the sequences in a trace may achieve the given scorek, and this
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process is not symmetric. Thus, when we accept interval breaks, we are not able to keep the symmetry. In other
words, although the perfect traces are symmetric, the near-perfect subtraces are asymmetric and this should be
taken in consideration when we apply this method in the analysis of real cases.

We can also accept interval breaks when searching for progressive perfect subtraces. As for the progressive
perfect subtraces, the progressive near-perfect subtraces are also asymmetric.

(A) (B)

Figure 2.15: (A) After being broken, an interval is no longer common. (B) A reversal may cause at most two
interval breaks.

In the next section we will see how the conservation of progressively detected common intervals, accepting
some interval breaks, can be combined with another constraint to analyze the evolutionary scenario between
the bacterium Rickettsia felis and one of its ancestors, that have been reconstructed by Blanc et al. [10].

2.4.3 Strati�cation on evolution of sexual chromosomes

We also applied the method to analyze the evolution of the human X and Y chromosomes. These chromosomes
are very di�erent, and, while the X chromosome is 155 Mbps long, the Y chromosome is 58 Mbps long. Never-
theless, both are believed to have evolved from an identicalautosomal pair8 [37]. This process is at the origin
of sexual di�erentiation: the female XX and the male XY pairs . Due to the recombination mechanism, female
organization favours conservation of the X chromosome. On the other hand, evolution of the male XY pair
causes the divergence of the Y chromosome, as it gradually loses the capacity of recombining with its X partner.

The X and Y chromosomes still share a main \pseudo-autosomal" region at one of their extremities,
where recombination occurs as between autosomes. Ninety percent of the Y chromosome is however male-
speci�c, and shows major di�erences in sequence as well as ingene order with the X. Current theories suggest
that the pseudo-autosomal region, which originally covered the whole chromosomes, was successively pruned
by a few big reversals on the Y chromosome [32], whose extremities stood on each side of the limit of the
pseudo-autosomal region. The successive limits of the pseudo-autosomal region on the X chromosome, from the
origin to where it is located now, represent the limits of what have been called the \evolutionary strata" of the
sex chromosomes.

Several indices seem to indicate the presence of at least �vestrata on the X chromosome [39, 41]. The
strata are ordered according to their creation time. Thus, the stratum that is the closest to the pseudo-autosomal
region is numbered 5, while the stratum which is at the other extremity of the X chromosome is numbered 1.
A sequence of reversals on a signed permutation representing the relative ordering of the genes common to
chromosomes X and Y, obtained thanks to the softwareGRIMM[45], has been published in study of Rosset
al. [39], and is given as an argument to support the existence andbounds of the most recent strata. The
sequence is represented in Figure 2.16.

However for the same permutation, there are many sequences that are possible, including others se-
quences that are in agreement with a model of evolution by strata, which we now describe.

8Autosomes are all non-sex chromosomes.
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Figure 2.16: Sequence of reversals transforming human X into human Y chromosome, that shows the formation
of the last three strata (numbered 3, 4 and 5) on X chromosome (extracted from Rosset al. [39]). The PAR
symbol represents the pseudo-autosomal region in each chromosome.

Model of evolution by strata

For a signed permutation X = ( X 1; : : : ; X n ), a k� strata is de�ned as a partition of X into a sorted set
B = ( I k ; I k � 1; : : : ; I 1) of k intervals, such that I k = fj X 1j; : : : ; jX n k jg, I k � 1 = fj X n k +1 j; : : : ; jX n k + n k � 1 jg, : : :,
I 1 = fj X n k + ::: + n 2 +1 j; : : : ; jX n k + ::: + n 1 jg, where ni is the size of the interval I i . Observe that the intervals are
ordered by their positions, but they are indexed in a decreasing way from the beginning to the end of the
permutation. We de�ne a B � stratifying sequence of reversalsas follows.

De�nition 1 Given a signed permutation X = ( X 1; : : : ; X n ) and a k� strata B = ( I k ; I k � 1; : : : ; I 1), we say
that a sequence of reversalsr = � 1� 2 : : : � d is a B � stratifying sequenceif:

1. The sequencer has a subsequence9 b = � 1� 2 : : : � k , such that for 1 � i � k, the reversal � i contains the
interval I i and, for any j > i , no element of I j is in � i .

2. For any two consecutive reversals� i and � i +1 of b, if � is a reversal that occurs between� i and � i +1 in r ,
then � is a subset ofI 1 [ I 2 : : : [ I i .

The reversals inbare said to bebig reversals(each big reversal creates a new stratum), while the reversals
of r that are not in b are said to besmall reversals. A sequence of reversals that produces ak� strata has k big
reversals andd � k small reversals (we recall thatd is the reversal distance for the given permutation).

Consider a permutation X , a k� strata B = ( I k ; I k � 1; : : : ; I 1) for X and a target permutation Y . If T
is a trace of optimal sequences of reversals sortingX into Y , we call B � induced subtraceTB the subset ofT
de�ned as TB = f sjs 2 T and s produces thek� strata B in X g.

This approach is conceptually asymmetric, since the strati�cation is supposed to take place in the
ancestor genome. Observe that actually X chromosome is not the ancestor of Y, but it is assumed to be the
ancestor state of Y, at least for the analyzed portion. Indeed, it has been observed that a considerable portion
of X chromosome is highly similar to a portion of chromosome 1of chicken [39], thus this region, that coincides

9Recall that a \subsequence" b of a sequence r is obtained by eliminating some of the elements (here revers als) of r while
preserving the order of the remaining elements.
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with strata 5 and 4 and a part of stratum 3, is assumed to be freeof rearrangements after the di�erentiation
of sexual chromosomes in humans. Thus, the analysis should be done from the strati�ed (ancestor) genome to
the other (descendant), and re
ects directly the real chronology of the events (remember that the asymmetric
progressive perfect sequences should be inverted to re
ectthe real chronology).

Algorithm for exploring the sequences that stratify a permu tation

We used a version of the exploration algorithm that, given a k� strata B , outputs the set of traces whose
sequences produceB [15]. This requires a slight modi�cation of Algorithm 5, described as follows.

Besides the two signed permutationsX and Y , the modi�ed algorithm requires a k� strata B =
(I k ; I k � 1; : : : ; I 1) for X . The algorithm returns the traces whoseB � induced subtraces are not empty, and,
for each trace, the size of itsB � induced subtrace.

It is the �rst step (Siepel's step) that is mainly modi�ed. Af ter searching all next reversals, we must
select only those that are in agreement with the givenk� strata: the �rst reversal is �xed, and corresponds
exactly to the �rst stratum (it is a big reversal); then, at ea ch step, suppose stratumI z has been moved by
a big reversal and not stratum I z+1 ; we can choose between performing a big reversal includingI z+1 and no
elements from the following ones, or a small reversal, included in I 1 [ � � � [ I z . The procedure is described in
Algorithm 7.

At the end of the execution, we have the complete set of non-empty B � induced subtraces (each subtrace
is represented by a 2-tuple containing the normal form of thecorresponding trace and a validB � stratifying
sequence as a representative) and their sizes for a given permutation and a k� strata B . There is no guarantee
that a strata-induced subtrace exists, thus the algorithm can lead to an empty result (an empty result means
that it is not possible to produce the proposed strati�catio n in the genome by an optimal sequence of reversals).

Theoretical complexity of Algorithm 7. The complexity is the same of Algorithm 5, that is, O(Nn kmax +4 ),
where N is the number of d� traces and kmax is the maximum width of a d� trace. See the de�nition of
trace width in the computation of complexity of Algorithm 5 i n Appendix A and the complete computation of
complexity of Algorithm 7 in Appendix A.

Analysis of the results

We applied the modi�ed algorithm to X = I 12 and Y = ( � 12; 11; � 2; � 1; � 10; � 9; 8; � 5; 7; 6; � 4; 3), permu-
tations derived from the genes that are shared by the last three strata of the human X and Y chromosomes
(Figure 2.16). It was used in a study of Rosset al. [39] to account for the positions of the strata 3; 4; 5 in the
human sex chromosomes, by giving one optimal sorting sequence of reversals.

We are now able to handle the whole set of sorting sequences: the solution space of sorting this permu-
tation by reversals contains 31; 752 sequences, distributed among 6 traces (see Table 2.12).

When we search only for the sequences of reversals that sortX into Y and respect the formation of
the last three strata as they are de�ned by Rosset al. [39], that is, Bxy = ( f 1; 2g; f 3; : : : ; 10g; f 11; 12g), we get
420 sequences, corresponding to a uniqueBxy � induced subtrace, represented by the 2� tuple (e; f ) where e is
a valid stratifying sequence andf is the normal form of its corresponding trace, as we can see inTable 2.13.

There are in consequence 420 sequences out of 31; 752 that support the bounds given in [39], and they
are all in the same trace. Here, more relevant than the numberof sequences is the fact that they are all part of
a unique subtrace, which means that the reversals have been identi�ed correctly. So if we suppose the bounds
are known, the sequence given by Rosset al. [39] is accurate.

Nevertheless, the limits between strata may be not so clear,and one could be interested in testing other
hypotheses. For instance, we could extend strata 4 incorporating to it the markers 1 and 2 which were part of
stratum 3 in the previous analysis. According to this hypothesis, which could be biologicaly meaningful as well,
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Algorithm 7 Enumerating all the strata-induced subtraces of two signedpermutations and a given k� strata
in the origin permutation
Input: Two signed permutations X; Y and a k� strata B = ( I k ; I k � 1 ; : : : ; I 1) for X
Output: The representative, normal form and counter ( e; f; c) of each B � induced subtrace of sequences of reversals

sorting X into Y

d  reversal distance of (X; Y )
T  ;
S  f � j � is an optimal 1� sequence forX ! Y g [Siepel [40]]
if S contains a reversal � = I 1 [the �rst reversal may create the �rst stratum] then

insert ( �; �; 1) in T [the 1� sequence that creates the �rst stratum is a B � induced 1� subtrace]
end if
for each integer i from 2 to d do

T 0  ; [contains the representatives/normal forms/counters of a ll the B � induced i � subtraces]
for each (e; f; c) in T [(e; f ) repr. the B � induced (i � 1)� subtrace t; c is the counter of t ] do

X 0  X
z  1 [to store the index of the last created stratum]
for each reversal � in e = � 1 � 2 : : : � i � 1 do

X 0  X 0 � � [apply the reversal � to X 0]
w  the biggest index of a stratum in I k ; I k � 1 ; : : : ; I z such that � overlaps I w

z  w
end for
b  k � z [number of remaining big reversals]
S0  f � j � is an optimal 1� sequence forX 0 ! Y g [Siepel [40]]
for each 1� sequence� 2 S0 do

accept  false
if � contains the interval I z +1 and � does not overlap an interval in I z +2 ; I z +3 ; : : : ; I k then

accept  true [� is the next big reversal]
else

if d � i + 1 � b > 0 [test whether it can apply a small reversal] and � does not overlap an interval in
I z +1 ; I z +2 ; : : : ; I k then

accept  true [� is a small reversal]
end if

end if
if accept then

f �  f + � [extend the normal form f by adding the reversal � ; see Algorithm 3]
if there exists (e0; f 0; c0) 2 T 0 such that f 0 = f � [COMPARISON ] then

c0  c0 + c [upd. the counter of the B � induced i � subtrace t0 repr. by ( e0; f 0)]
else

e�  e � � [simply concatenate � to the sequencee]
insert ( e� ; f � ; c) in T 0 [(e� ; f � ) repr. the B � ind. i � subtr. t � ; c is the initial counter of t � ]

end if
end if

end for
end for
T  T 0

end for
return T [T is the �nal set of B � induced d� subtraces sorting X into Y ]

we haveB = ( f 1; 2g; f 3; : : : ; 12g), and there are 2; 520 sequences in theB � induced subtrace (see Table 2.14).

Thus, using the modi�ed algorithm we are able to evaluate thedi�erent hypotheses of strati�cation and
�nd all the subtraces (that is, a representation of all sequences) that produce each strati�cation.
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Trace Trace normal form # seq.

1. f = f 3gf 3; : : : ; 12gf 5; 6gf 8gf 11gf 11; 12g < f 1; 2; 11; 12gf 5; 7g 10; 080

2. f = f 1; 2; 3gf 1; : : : ; 12gf 4; : : : ; 10gf 5; 6gf 8gf 11g < f 1; 2; 4; : : : ; 10gf 5; 7g 10; 080

3. f = f 1; : : : ; 11gf 1; : : : ; 12gf 3; : : : ; 11gf 3gf 5; 6gf 8g < f 1; 2; 11gf 5; 7g 10; 080

4. f = f 3; : : : ; 11gf 4; : : : ; 10gf 5; 6gf 8g < f 3; 12gf 5; 7g < f 4; : : : ; 10; 12g < f 1; 2; 11; 12g 840

5. f = f 5; 6gf 8gf 11; 12g < f 4; : : : ; 10; 12gf 5; 7g < f 1; 2; 3; 12g < f 1; : : : ; 11gf 1; 2; 4; : : : ; 10g 336

6. f = f 1; : : : ; 11gf 5; 6gf 8g < f 1; 2; 3; 12gf 5; 7g < f 4; : : : ; 10; 12g < f 1; 2; 4; : : : ; 10gf 11; 12g 336

Total 31; 752

Table 2.12: The 31; 752 possible sequences of reversals for transformingX = I 12 into Y =
(� 12; 11; � 2; � 1; � 10; � 9; 8; � 5; 7; 6; � 4; 3) are distributed in 6 traces. Each trace is represented by its nor-
mal form. The third column indicates the number of sequencesin each trace.

Trace Subtrace 2-tuple # seq.

1. e = f 11; 12gf 11gf 3; : : : ; 12gf 3gf 5; 6gf 8gf 5; 7gf 1; 2; 11; 12g 420
f = f 3gf 3; : : : ; 12gf 5; 6gf 8gf 11gf 11; 12g < f 1; 2; 11; 12gf 5; 7g

Table 2.13: The Bxy � induced subtrace of optimal sequences that sort the chromosome X = I 12 into Y =
(� 12; 11; � 2; � 1; � 10; � 9; 8; � 5; 7; 6; � 4; 3) and produce the 3� strata Bxy = ( f 1; 2g; f 3; : : : ; 10g; f 11; 12g) on X .

Trace Subtrace 2-tuple # seq.

1. e = f 3; : : : ; 12gf 11; 12gf 11gf 3gf 5; 6gf 8gf 5; 7gf 1; 2; 11; 12g 2; 520
f = f 3gf 3; : : : ; 12gf 5; 6gf 8gf 11gf 11; 12g < f 1; 2; 11; 12gf 5; 7g

Table 2.14: The B � induced subtrace of optimal sequences that sort the chromosome X = I 12 into Y =
(� 12; 11; � 2; � 1; � 10; � 9; 8; � 5; 7; 6; � 4; 3) and produce the 2� strata B = ( f 1; 2g; f 3; : : : ; 12g) on X .

On the execution time of the strata variant

In order to evaluate the execution time of this modi�ed algorithm, we ran both the original algorithm (that
searches for all the traces) and the modi�ed one (that searches for the strata-induced subtraces) over the
previous permutation and over an extended permutation, also extracted from the evolution of human X and Y
chromosomes. The results are presented in Table 2.15 and shows that searching for strata-subtraces runs much
faster than searching for all traces.

2.4.4 Symmetry versus asymmetry when applying constraints

In the previous sections, all the biological constraints were analyzed qualitatively, in order to determine whether
they were symmetric (when the results of the analysis of the sequences sorting a �rst genome into the second
can be obtained from the analysis of the sequences sorting the second genome into the �rst) or asymmetric.

We argued that when a constraint is asymmetric, it can only beapplied when the relation ancestor-
descendant between the analyzed genomes is known and, in this case, a direction to the analysis must be de�ned.
We summarize below the characteristics of each one of the constraints that we considered.

1. Initial detection of common intervals without interval breaks: can be applied to linear or circular chromo-
somes and is symmetric.



36 CHAPTER 2. METHODOLOGICAL BACKGROUND AND EXPERIMENTS

Input Algorithm N S N T Execution time

XY all traces 31; 752 6 ' 1.3 seconds
B xy � induced subtraces 420 1 ' 0.5 seconds

extXY all traces 316; 793; 943; 648 87; 983 ' 5 hours
B � induced subtraces 608; 343; 606 2; 284 ' 4 min

Table 2.15: Computation results. Columns from left to right contain: 1- the input (permutation and
strata) 2- the algorithm 3- the number of sequences according to the algorithm; 4- the number of traces
according to the algorithm; 5- the execution time of the algorithm. Both algorithms are part of the
baobabLuna package. All experiments were made on a 64 bit personal computer with two 3GHz CPUs
and 2GB of RAM. Permutations XY are X = I 12 with 3 � strata Bxy = ( f 1; 2g; f 3; : : : ; 10g; f 11; 12g), and
Y = ( � 12; 11; � 2; � 1; � 10; � 9; 8; � 5; 7; 6; � 4; 3) (human X and Y chromosomes, as the scenario proposed
in [39]). Permutations extXY are X ext = I 15 with 3 � strata B = ( f 1; 2g; f 3; : : : ; 7g; f 8; : : : ; 15g), and the per-
mutation Yext = (14 ; � 10; 8; � 1; 9; 11; � 7; 6; � 4; 5; � 3; 2; 15; 12; � 13) (extended human X and Y chromosomes,
adding markers to stratum 3).

2. Initial detection of common intervals with a bounded numberof interval breaks: can be applied to linear or
circular chromosomes and is asymmetric (the relation ancestor-descendant between the analyzed genomes
must be known, and the analysis must be done from the descendant to the ancestor).

3. Progressive detection of common intervals without or with abounded number of interval breaks: can be
applied to linear or circular chromosomes and is asymmetric(the relation ancestor-descendant between the
analyzed genomes must be known, and the analysis must be donefrom the descendant to the ancestor).

4. Strata on sexual XY chromosomes: can be applied only to linear chromosomes and is conceptually asym-
metric (the analysis must be done from the X to the Y chromosome).

2.4.5 Compatibility between constraints

A list of di�erent constraints can be applied together under the condition that they are compatible. Two
symmetric constraints are frequently compatible and result in a symmetric approach, for example terminus-
symmetry and initial detection of common intervals without interval breaks. An asymmetric and a symmetric
constraints are also frequently compatible, and applied together they result in an asymmetric approach.

On the other hand, the asymmetric strata and progressively detected common intervals are not compat-
ible, because the analysis when applying the strata constraint may be done from the ancestor to the descendant,
while the analysis when applying the progressive detectionof common intervals may be done from the descen-
dant to the ancestor. Thus, using a list of di�erent constraints at once may be interesting when analyzing traces,
but we may �rst verify the compatibility in order to select th e constraints to be applied.

2.4.6 Final remarks

In this chapter we describe the use of di�erent biological constraints to reduce the universe of sequences and
classes. One of these constraints is the list of common intervals, which are the clusters of co-localised genes
between the considered genomes. We used common intervals intwo di�erent approaches, one that searchs for
perfect sorting sequences [15], that is, sequences that do not break the common intervals detected between
the two initial genomes, and one that searchs for progressive perfect sorting sequences, that do not break the
common intervals progressively detected [14] when sortinga genome into another. Other constraints were de�ned
according to the practical problems we were interested in. In particular, we are able to apply a constraint to
analyze directly the strati�cation process in the evolution of the sexual chromosomes X and Y in human [15, 33].
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The implementation of all these variants are part of baobabLuna framework. Several experiments
show that indeed these variants reduce considerably the number of generated traces. Consequently, they run
faster than the algorithm that generates the traces without contraints and are able to analyze permutations
with higher reversal distances. The constraints were also analyzed in order to determine whether they lead to
symmetric or to asymmetric approaches, and to verify which constraints are compatible and which constraints
are incompatible.

We then applied the method that generates traces according to biological constraints to analyze the
evolution of human sexual chromosomes X and Y [39]. We obtained a better characterization of the evolutionary
scenarios of these genomes [15, 33], with respect to the results of previous studies [39], that were based on a
single sorting sequence.

The use of biological constraints has some important limitations. First, there is no guarantee that a
sequence that respects the given contraints exists, thus this approach may lead to empty results, which is
undesirable. Relaxing the biological constraints in orderto obtain a non-empty result is generally possible, but
this approach may require several essays of the relaxing parameters, which costs computation time.



38 CHAPTER 2. METHODOLOGICAL BACKGROUND AND EXPERIMENTS



Chapter 3

Technical aspects

Summary

3.1 Optimization of memory use . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.1.1 The compressible sorted set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.1.2 Freezing operations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.1.3 Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2 Architecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.3 Test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.4 Final remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

The implementation of all the algorithms presented in this work is integrated to baobabLuna , a frame-
work to deal with permutations, implemented in a object-oriented paradigm, using the Java technology1.

Besides the implementation of Siepel's algorithm and of allalgorithms for analyzing traces,baobabLuna
contains a collection of classes for dealing with permutations and their associate breakpoint graphs, performing
reversals, calculating reversal distances and sorting permutations by reversals.

3.1 Optimization of memory use

When analyzing traces, for a reversal distance of about 20, we may need to handle more than 200 million partial
traces at one step. Since the java standard data structures were ine�cient and rapidly saturated when dealing
with this amount of data, we needed to develop a new structure, that we called CompressibleSortedSet .

3.1.1 The compressible sorted set

The CompressibleSortedSet can store more elements than the standard data structures due to its internal orga-
nization, that allows automatic partial compression of its data. In general, insertions inCompressibleSortedSet
are not processed one by one, but accumulated and then processed in batch mode, from time to time.

Internally, the elements are stored in subsets, such that for any pair of subsets S1 and S2, either all
elements inS1 are smaller than all elements inS2, or all elements in S1 are greater than all elements inS2. The
elements in a subset are sorted in ascending order, and the scope of a subset is given by its �rst and last elements.
The subsets themselves are also sorted in ascending order. Searching an element (or the position to insert an
element) in a CompressibleSortedSet is done by a double application of the binary search method [31], that

1The full documentation of Java technology is available onli ne at http://java.sun.com .

39
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is, a �rst binary search is performed to determine in which subset the element may be inserted, then a second
binary search is performed in the selected subset, to determine the exact insert position. In addition, each one
of the subsets can be in compressed or uncompressed state. The scope of a subset is visible even when it is
compressed, so it is possible to know whether a new element should be inserted in a subset or not.

Inserting an element in an uncompressed subset is immediate. However, if the subset is compressed, the
element is kept in a pending list for a while. After a certain number of insertions in an compressed subset, the
subset is uncompressed and all the elements in the pending list are inserted at once (this procedure amortizes
the cost of uncompressing a subset). The number of uncompressed subsets is limited, thus generally a subset
decompression may cause another subset compression. At anytime, the uncompressed subsets are those which
were accessed later. Figure 3.1 illustrates the structure of CompressibleSortedSet .

Figure 3.1: The structure of CompressibleSortedSet .

When an internal subset ofCompressibleSortedSet achieves a certain number of elements, it is splitted
in two. The split operation is done according to a given balance x, such that 0 < x < 1. If the original subset
has n elements, it is splitted in two subsets such that the �rst nx elements of the original subset are put in one
new subset and the lastn(1 � x) elements are put in the other new subset. The default value of the balance
is 0:5. However, in some applications, it can be interesting to de�ne a di�erent value, thus the balance is a
parameter ofCompressibleSortedSet . The maximum number of uncompressed subsets, the maximum number
of elements in a subset and the maximum number of elements in asubset pending list are also parameters that
can be de�ned. The operations of compression, decompression and split of a subset are represented in Figure 3.2.

The compression of a subset is done as follows: �rst we may concatenate all elements of the subset in a
bidimensional array of bytes, then we compress each line of the resultant array. The compressed data is written
in the hard disk, so the memory that the elements occupied canbe released. The algorithm of compression is for
general purpose, implemented in package java.util.zip (classes De
ater and In
ater) using the ZLIB compression
library. The ZLIB compression library is not protected by pa tents and is fully described in the speci�cations at
the java.util.zip package description2.

2See the java API of the package java.util.zip in http://java.sun.com .
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Figure 3.2: An insertion in a CompressibleSortedSet may launch a subset decompression (when the subset
is compressed and its pending list is completely �lled, suchas insertion 1) or a subset split (when the subset
is decompressed and the maximum number of elements in the subset is achieved, such as insertion 2). A
subset decompression or split may eventually launch another subset compression, if the maximum number of
decompressed subsets is achieved.

3.1.2 Freezing operations

Besides the classCompressibleSortedSet , the implementation of the algorithm that enumerates traces also
perform additional I/O operations between iterations to save memory. At the end of an interation i , the i � traces
are registered in the hard disk, by a procedure that we callfreezing. Then, in the following iteration i + 1, the
i � traces are read little by little from the hard disk to generate the (i + 1) � traces.

3.1.3 Performance

The standard implementation of the algorithm that enumerates traces inbaobabLuna , that we call Com-
pression+Freezing , uses the classCompressibleSortedSet and freezing operations between iterations to
save memory.

In order to evaluate the performance of this implementationwith respect to memory use and execution
time, we have done a comparison with three other implementations of the same algorithm that enumerates
traces (two of them uses the classjava.util.TreeSet , which is a java standard implementation of a sorted
set, instead ofCompressibleSortedSet to store traces). The three test versions are:

� Compression : uses the classCompressibleSortedSet but does not use freezing operations between
iterations.

� TreeSet : uses the classTreeSet and does not use freezing operations between iterations.

� TreeSet+Freezing : uses the classTreeSet and freezing operations between iterations.

We run the standard version and the three test versions for computing traces of three di�erent permuta-
tions. The implementations that use the classCompressibleSortedSet (the standard Compression+Freezing
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and the test version Compression) were set with the following parameters:

1. Maximum number of elements by compressible subset: 3; 000

2. Maximum number of uncompressed subsets: 400

3. Maximum number of elements in the pending insertion list of each compressed subset: 200

All experiments were made on a 64 bit personal computer with two 3GHz CPUs and 2GB of RAM. Ex-
perimental results show that the standard implementation (Compression+Freezing) indeed saves a considerable
amount of memory (see Figure 3.3).

In addition, as we can see in Table 3.1, the results show that,although CompressibleSortedSet may
proceed several compressions, decompressions and I/O operations to register and read compressed subsets in
the hard disk, it runs at least as fast asTreeSet (freezing operations takes longer withTreeSet , because this
implementation registers and reads each trace individually, while CompressibleSortedSet can register and
read the elements in a compressed subset at once). This indicates that the amortization provided by insertion
pending lists works well.

Input ( � ) d( � ) N T Implementation Execution time

Compression+Freezing ' 27 seconds
� F Compression ' 25 seconds

n = 13 10 2 ; 151 TreeSet+Freezing ' 31 seconds
TreeSet ' 25 seconds

Compression+Freezing ' 7.3 minutes
� G Compression ' 7.1 minutes

n = 16 12 21 ; 902 TreeSet+Freezing ' 8.7 minutes
TreeSet ' 7.2 minutes

Compression+Freezing ' 4.1 hours
� H Compression ' 4.1 hours

n = 16 13 567 ; 524 TreeSet+Freezing ' 4.8 hours
TreeSet ' 4.2 hours

Table 3.1: Computation results. Columns from left to right contain: 1- the input (permutation
and number of markers); 2- the reversal distance; 3- the number of traces; 4- the implementation;
5- the execution time of the implementation. All implementations of the algorithm are part of the
baobabLuna package. The three analyzed permutations are� F = ( � 12; 11; � 10; 6; 13; � 5; 2; 7; 8; � 9; 3; 4; 1),
� G = ( � 12; 11; � 10; � 1; 16; � 4; � 3; 15; � 14; 9; � 8; � 7; � 2; � 13; 5; � 6), and � H =
(� 12; 11; � 10; 6; � 5; 13; 2; 7; 8; � 9; 14; � 15; 3; 4; � 16; 1).

3.2 Architecture

All executable programs in baobabLuna have the same multilayered architecture [17], organized intwo layers.
The topmost level is responsible for the user interface. Theprograms in baobabLuna have a light textual
interface, described later in this chapter. The second layer is responsible for implementing the logic behind the
applications. Thus, all the algorithms described in this manuscript are implemented in the second layer. The
dependency relation of these two layers are from top to bottom, that is, the second layer has no dependency
with respect to the top layer. In addition, theses two layersdepend on the core library ofbaobabLuna , mostly
composed by a component to deal with permutations, their corresponding breakpoint graphs and reversals, a
component to deal with traces, and a utilitary component that contains the class CompressibleSortedSet .
There is no dependency between these three components of thecore library. The pattern of architecture of
baobabLuna is illustrated in Figure 3.4.
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Figure 3.3: The memory use of standard implementation and test versions when computing the 13� traces
that sort ( � 12; 11; � 10; 6; � 5; 13; 2; 7; 8; � 9; 14; � 15; 3; 4; � 16; 1), which is permutation � H in table 3.1. The
labels in the X axis indicates the beginning ofi � traces computing in the execution of each implementation
(for i = 2 ; 3; : : : ; 13; the total number of i � traces is given below the graphic). The valleys in some linesare
between each pair of iterationsi � 1 and i , and are more accentuated for the implementations that perform
freezing operations. This graphic shows that Compression versions are more stable with respect to memory use
and, for greater amounts of data, use much less memory thanTreeSet versions. ThebaobabLuna standard
implementation (Compression+Freezing) has the best performance among all implementations.

The organization of the architecture in components with well de�ned dependency relations favors the
development and maintainance ofbaobabLuna . If a component X depends on another componentY, then the
modi�cations done in Ycan a�ect X. On the other hand, if Xdoes not depend onY, then the modi�cations done in
Y does not a�ect X. Observe that each component in the core library does not depend on any other component
of baobabLuna and, consequently, is not a�ected by the modi�cations done outside itself. Moreover, the
separation of the user interface from the application logicpermits the substitution of the interface with no
consequences to the other components. Neither the application logic nor the core library depend on the user
interface, thus modifying the interface does not a�ect the remaining components ofbaobabLuna .
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Figure 3.4: The pattern of the architecture of executable programs in baobabLuna . The components are
represented by rectangles. The lines separate the two layers of the architecture and the core library, which is
transversal to the layers. An arrow from a component A to a component B indicates that A depends on B.

3.3 Test

An important issue when implementing a program that deals with a huge amount of information is preventing
erroneous results, that are very hard to detect. A good strategy to solve this problem is the use of an audi-
tor, that is a program that contains an alternative implementation that may produce the same result as the
implementation which is being tested. The auditor can also contain errors, but it is very improbable that it
reproduces exactly the same errors as the tested implementation, so when both lead the same results, we assume
that both are correct, at least for the examined test cases.

In baobabLuna we implemented auditors for the two main critical points. One is the algorithm that
generates directly the traces of sorting sequences (Algorithm 5), that here we call traceStandard . In this
case, the auditor is the program that generates traces by generating all sorting sequences (Algorithm 4), named
traceAuditor , that was also used to evaluate the performance oftraceStandard in the previous chapter.
Observe that traceAuditor can not process all the permutations that are processed by the traceStandard ,
that is, with respect to the auditor, traceStandard is able to process permutations with higher reversal dis-
tances. Nevertheless,traceAuditor can be used as a good indicator of the quality oftraceStandard . The
second critical point is the classCompressibleSortedSet , whose auditor is the classTreeSet , which is a java
standard implementation of a sorted set. The classTreeSet was also used to evaluate the performance of
CompressibleSortedSet with respect to memory use, as we saw in Section 3.1.1.

All versions of baobabLuna were tested by these two auditors for a set of 8 test permutations (see
Table 3.2), that helped us to �nd several errors during the implementation process. The errors were �xed, and
the versions were released only after being aproved by thesetest cases.

3.4 Final remarks

In this chapter we presentedbaobabLuna [12], a framework to deal with permutations, their corresponding
breakpoint graphs, and reversals, that contains all algorithms described in this manuscript. In order to be able
to handle the huge amount of data when computing traces, the implementation of baobabLuna optimizes
the memory use with compression and freezing operations, that were shown to save a considerable amount
of memory without losing in execution time. The core library of baobabLuna is mostly composed by three
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Permutation ( � ) d( � ) N T N S

� A = ( � 3; 2; 1; � 4) 4 2 28
� B = ( � 4; 1; � 3; 6; � 7; � 5; 2) 6 5 204

� C = ( � 6; 5; 7; � 1; � 4; 3; 2) 6 8 496

� D = ( � 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1) 8 6 31 ; 752

� E = ( � 4; 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1) 9 14 407 ; 232

� F = ( � 12; 11; � 10; 6; 13; � 5; 2; 7; 8; � 9; 3; 4; 1) 10 2 ; 151 8; 278; 540

� G = ( � 12; 11; � 10; � 1; 16; � 4; � 3; 15; � 14; 9; � 8; � 7; � 2; � 13; 5; � 6) 12 21 ; 902 505; 634; 256

� H = ( � 12; 11; � 10; 6; � 5; 13; 2; 7; 8; � 9; 14; � 15; 3; 4; � 16; 1) * 13 567 ; 524 40; 313; 272; 766

Table 3.2: Test cases used to assure the quality ofbaobabLuna . In all released versions,traceStandard
and its auditor traceAuditor , as well asCompressibleSortedSet and its auditor TreeSet lead to the same
results when computing traces for these test cases. (*)Due to its huge number of sorting sequences, the last
permutation can not be processed bytraceAuditor and was only used to auditCompressibleSortedSet .

independent components, one that deals with permutations,breakpoint graphs and reversals, one that deals
with traces, and one that deals with compression. In addition, the architecture of all the executable programs
baobabLuna is organized in two layers, a topmost layer with the user interface and a second layer with the
application logic, that encloses the described algorithms.

The algorithm to generate directly the traces represents animportant improvement with respect to the
enumeration of all optimal sorting sequences. However, forpermutations with a reversal distance above a certain
value, the universe of traces is too big for being interpreted and often it can not be computed, even with the
optimization in the memory use in the implementation of baobabLuna . Indeed, we are not able to compute
traces for permutations with a reversal distance of about 20or higher.

The use of biological constraints is a good strategy to reduce traces while selecting sequences of reversals
that are biologically more meaningful. However, there is noguarantee that a sequence that respects the given
contraints exists, thus this approach may lead to empty results, which is undesirable. Relaxing the biological
constraints in order to obtain a non-empty result is generally possible, but this approach may require several
essays of the relaxing parameters, which costs computationtime.
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Here we describe thebaobabLuna interface, including a list with the main executable programs.

4.1 The text representation for the breakpoint graph

An important feature of baobabLuna interface is a text representation of the breakpoint graph. In this text
form, a breakpoint graph � is represented by a string with four lines. The �rst line assigns an index from
1 to pts(� ) to each black edge. The second line represent the black edges' cycles and directions >̀ ' or `< '
(two positions with the same value in the second line represent two black edges in the same long cycle; `... '
represents an adjacency). The third line represent the grayedges of the cycles, since each position in the third
line indicates the subsequent black edge in a tour through the cycle (again, .̀.. ' represents an adjacency). The
fourth line contains the permutation and the number of cycles in the graph. Figure 4.1 shows the graphical and
the text representation of the breakpoint graph of a permutation.

The text representation of breakpoint graphs is largely used in our executable programs. It is imple-
mented by the class baobab.bio.permutation.PermutationBPGraphFormatter.

4.2 Download

The packagebaobabLuna is available at http://pbil.univ-lyon1.fr/software/luna/ for online download,
encapsulated in a.jar �le (Java ARchive format). Together with the Java 6 standard library 1, this �le contains

1Java 6 must to be installed in the computer, in order to run the programs in baobabLuna .

47
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(A) Graphical representation

(B) Text representation

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13. (1) Black edge s' index line
01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01 (2) Black edge s' direction
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01 (3) Gray edges

:: -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 :: 5 cycles (4) P ermutation

Figure 4.1: The graphical (A) and the text (B) representations of the breakpoint graph for the linear permutation
� = ( � 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1). In the text form of this graph (B), the lines represent: (1) an
index line identifying the black edges (points); (2) the black edges, with each cycle tour in an arbitrary direction
(the numbers represent the long cycles, two black edges withthe same number are in the same cycle); (3) the
gray edges, with each cycle tour in the direction induced by black edges' direction (the number after the ":"
indicates the next black edge to be visited, referring to the[�rst] index line); (4) the permutation. A ` ... ' in
lines (2) and (3) represents an adjacency.

all required resources to run the programs described in thismanuscript. The current version of baobabLuna ,
named 1.1 beta , was released on November 20082.

For java programmers, the API (application programming int erface) of all classes inbaobabLuna can
also be downloaded athttp://pbil.univ-lyon1.fr/software/luna/ .

The package containing the classCompressibleSortedSet is part of baobabLuna . However, although
CompressibleSortedSet was conceived for dealing with traces, it is for general purposes and is able to store
any kind of object. For java programmers interested in this functionality, a subpackage containing only these
features is available athttp://biomserv.univ-lyon1.fr/ ~marilia/compressible.htm .

4.3 Setup

In order to run the executable programs in baobabLuna , Java SE 6.0 must to be installed in the computer.
Suppose the �le that encapsulates the packagebaobabLuna is called baobab-luna.jar and was downloaded
into a directory called $path . First we must get into the directory $path ( >cd $path). Then, to run a program
called $program, the command is as follows:

>java -classpath baobab-luna.jar $program .

4.4 Running executable programs

The packagebaobabLuna contains a list of executable programs to deal with signed permutations that rep-
resent genomes in bioinformatics. Those programs are useful for analyzing permutations over several aspects

2The �rst version of baobabLuna , named 0.1 beta , was released on November 2006 and did not contain the varian ts that deal
with biological constraints.
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(calculating reversal distance, �nding the components of the breakpoint graph, analyzing traces). Each exe-
cutable has a particular list of parameters, and, to get the help, we must run the program without arguments
(see an example in Figure 4.2).

>java -classpath baobab-luna.jar baobab.exec.permutati on.sort

Sorts the given signed permutation

Required parameters:

-o originPermutation (values separated by commas, without spaces)
Ex: -o -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1

Optional parameters:

-t targetPermutation (values separated by commas, without spaces)
Ex: -t 5,-3,12,10,9,8,-11,7,-6,-4,2,-1

-l T/F (T=linear [default], F=circular)
Ex: -l F

Figure 4.2: Get the help of a program inbaobabLuna .

All the programs described here analyze a pair of signed permutations, thus the following parameters
are common to all of them:

� -o [permutation] : the origin permutation � = ( � 1; � 2; : : : ; � n � 1; � n ). The values must be separated by
commas, without spaces.
Example: -o -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1

� -t [permutation] : the target permutation � T . The values must be separated by commas, without
spaces. This parameter is optional and if it is ommited,� T is assumed to beI n = (1 ; 2; 3; : : : ; n).
Example: -t 5,-3,12,10,9,8,-11,7,-6,-4,2,-1

� -l T/F : a parameter to indicate whether the origin and target permutations are linear (T) or circular ( F).
This parameter is optional and if it is ommited, the permutat ions are assumed to be linear.
Example: -l F

Now we will give a list with the main executable programs that are part of our framework.

4.4.1 baobab.exec.permutation.analyzeSignedPermutation

Analyzes a signed permutation and prints its breakpoint graph and reversal distance (see Figures 4.3 and 4.4).

>java -classpath baobab-luna.jar baobab.exec.permutati on.analyzeSignedPermutation -o -3,2,1,-4

1. 2. 3. 4. 5.
1> <1 1> <1 1>
:5 :3 :1 :2 :4

:: -3 +2 +1 -4 :: 1 cycles

# of points........: 5
# of cycles........: 1
# of components....: 1
> ajacencies......: 0
> oriented comp...: 1
> unoriented comp.: 0

Reversal distance..: 4

Figure 4.3: Analyze the linear permutation (� 3; 2; 1; � 4).
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>java -classpath baobab-luna.jar baobab.exec.permutati on.analyzeSignedPermutation -o -3,2,1,-4 -l F

1. 2. 3. 4.
1> <1 1> ..
:3 :1 :2 ..

:: -1 -2 +3 +4 :: 2 cycles

# of points........: 4
# of cycles........: 2
# of components....: 2
> ajacencies......: 1
> oriented comp...: 1
> unoriented comp.: 0

Reversal distance..: 2

Figure 4.4: Analyze the circular permutation (� 3; 2; 1; � 4) (observe that the circular permutations (� 3; 2; 1; � 4)
and (� 1; � 2; 3; 4) are equivalent).

4.4.2 baobab.exec.permutation.sort

Sorts the given signed permutation (see Figures 4.5 and 4.6).

>java -classpath baobab-luna.jar baobab.exec.permutati on.sort -o -3,2,1,-4

1. 2. 3. 4. 5.
1> <1 1> <1 1>
:5 :3 :1 :2 :4

:: -3 +2 +1 -4 :: 1 cycles

Reversal distance: 4

Solution:

1. 2. 3. 4. 5.
1> <1 1> <1 1>
:5 :3 :1 :2 :4

:: -3 +2 +1 -4 :: 1 cycles
--- (from [1] -3 to -3 [2])

1. 2. 3. 4. 5.
2> <1 2> <1 1>
:3 :5 :1 :2 :4

:: +3 +2 +1 -4 :: 2 cycles
--------- (from [2] +2 to -4 [5])

1. 2. 3. 4. 5.
2> .. 1> <2 1>
:4 .. :5 :1 :3

:: +3 +4 -1 -2 :: 3 cycles
--------- (from [1] +3 to -1 [4])

1. 2. 3. 4. 5.
.. <1 .. .. 1>
.. :5 .. .. :2

:: +1 -4 -3 -2 :: 4 cycles
--------- (from [2] -4 to -2 [5])

1. 2. 3. 4. 5.
.. .. .. .. ..
.. .. .. .. ..

:: +1 +2 +3 +4 :: 5 cycles

Figure 4.5: Sort the linear permutation (� 3; 2; 1; � 4).

4.4.3 baobab.exec.permutation.performReversals

Performs a sequence of reversals in the given order. Each reversal is given by a pair of integersi; j where i is
the index of the point that corresponds to the �rst extremity to the reversal and j is the index of the point
that corresponds to the last extremity to the reversal (i < j ). Each pair of reversals must be separated by a `j',
without spaces. An example is given in Figure 4.7.
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>java -classpath baobab-luna.jar baobab.exec.permutati on.sort -l F -o -3,2,1,-4

1. 2. 3. 4.
1> <1 1> ..
:3 :1 :2 ..

:: -1 -2 +3 +4 :: 2 cycles

Reversal distance: 2

Solution:

1. 2. 3. 4.
1> <1 1> ..
:3 :1 :2 ..

:: -1 -2 +3 +4 :: 2 cycles
--- (from [1] -1 to -1 [2])

1. 2. 3. 4.
.. <1 1> ..
.. :3 :2 ..

:: +1 -2 +3 +4 :: 3 cycles
--- (from [2] -2 to -2 [3])

1. 2. 3. 4.
.. .. .. ..
.. .. .. ..

:: +1 +2 +3 +4 :: 4 cycles

Figure 4.6: Sort the circular permutation ( � 3; 2; 1; � 4) (observe that the circular permutations (� 3; 2; 1; � 4)
and (� 1; � 2; 3; 4) are equivalent).

>java -classpath baobab-luna.jar baobab.exec.permutati on.performReversals
-o -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1 -r "11,13|3,13"

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01

:: -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 :: 5 cycles

Reversal distance: 8

Reversals:

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01

:: -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 :: 5 cycles
-------- (from [11] +02 to -01 [13])

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
04> ... 01> <01 03> <02 <03 <02 02> ... 04> 01> <01
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :01 :03 :12

:: -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +01 -02 :: 6 cycles
---------------------------------------- (from [03] +1 2 to -02 [13])

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
04> ... 05> <05 <04 ... <02 02> 03> 02> <03 01> <01
:05 ... :04 :03 :01 ... :08 :10 :11 :07 :09 :13 :12

:: -04 -03 +02 -01 +05 +06 -07 -09 -10 +08 +11 -12 :: 7 cycles

Figure 4.7: Perform two subsequent reversals, the �rst withextremities in points 11 and 13 and the second with
extremities in points 3 and 13, on the linear permutation (� 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1).

4.4.4 baobab.exec.permutation.decomposeSignedPermutation

Decomposes a breakpoint graph of a signed permutation into its components. In each part, only one component
with long cycles is preserved, the others are properly replaced by adjacencies (see Figure 4.8).

4.4.5 baobab.exec.trace.analyzeTraces

Enumerates the traces of all sorting sequences of reversalsfor the given signed permutation. This program
enumerates all traces without enumerating all solutions, and counts the number of solutions represented by
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>java -classpath baobab-luna.jar baobab.exec.permutati on.decomposeSignedPermutation
-o -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 02> 03> <02 03> <03 ... 01> <01 <01
:11 ... :04 :13 :07 :08 :05 :09 :06 ... :12 :03 :01

:: -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 :: 5 cycles

# of points......: 13
# of big comp....: 2
# of cycles......: 5
Reversal distance: 8

-------------------------------

Component 1

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
... ... ... ... ... ... 03> <03 02> <03 <02 ... ...
... ... ... ... ... ... :10 :07 :11 :08 :09 ... ...

:: +01 +02 +03 +04 +05 +06 -07 -09 -10 +08 +11 +12 :: 10 cycles

# of points......: 13
# of big comp....: 1
# of cycles......: 10
Reversal distance: 3

-------------------------------

Component 2

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 ... ... ... ... ... ... 01> <01 <01
:11 ... :04 :13 ... ... ... ... ... ... :12 :03 :01

:: -04 -03 +12 -11 -10 -09 -08 -07 -06 -05 +02 -01 :: 8 cycles

# of points......: 13
# of big comp....: 1
# of cycles......: 8
Reversal distance: 5

-------------------------------

Figure 4.8: Decompose the breakpoint graph of the linear permutation � into its two non-trivial components,
for � = ( � 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1.

each trace. It returns the list of traces represented by their normal forms and the respective number of solutions
in each trace. We can apply constraints to the trace construction, according to the evolutionary properties of
the correponding genomes.

Attention:

1. This program does not deal with fortresses.

2. The number of traces may be huge for permutations with reversal distance greater than 12. During its
execution, the program has to keep a considerable amount of data, but its intern organization allows
automatic partial compression of this data (see more details in Section 3.1.1 of Chapter 3). There are
parameters to set the level of compression:

� -X [integer] : maximum number of traces by compressible subset (default =3000)

� -Y [integer] : maximum number of uncompressed subsets (default = 400)

� -Z [integer] : maximum number of rules in pending insertion list by compressed subset (default =
200)

We give two examples of analyzing traces in Figures 4.9 and 4.10.

In order to construct the traces of a permutation by multiply ing the traces of its components, the
parameter -e 0 must be given. Figure 4.11 shows an example of this approach.
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>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces -o -3,2,1,-4

1. 2. 3. 4. 5.
1> <1 1> <1 1>
:5 :3 :1 :2 :4

:: -3 +2 +1 -4 :: 1 cycles

summary:

Reversal distance: 4

4-traces:

{1}{1.-.3}{2}{4} : [24]
{1.2.4}{3} < {1.3.4} < {2.-.4} : [4]

Total number of 4-traces: 2
Total number of solutions: 28

Figure 4.9: Analyze traces of the linear permutation (� 3; 2; 1; � 4).

>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces
-o -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01

:: -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 :: 5 cycles

summary

Reversal distance: 8

8-traces

{1.2}{1.2.5.-.12}{2}{7}{8.10}{12} < {1.-.4}{8.9} : [100 80]
{1.-.12}{2}{3.4.12}{5.-.11}{7}{8.10} < {3.-.11}{8.9} : [10080]
{1.-.12}{2.-.12}{2.5.-.12}{7}{8.10}{12} < {2.-.4}{8.9 } : [10080]
{1.2}{7}{8.10} < {1.5.-.11}{8.9} < {1.3.4.12} < {2.-.12}{ 3.-.11} : [336]
{2.-.12}{7}{8.10} < {1.3.4.12}{8.9} < {1.5.-.11} < {1.2}{ 3.-.11} : [336]
{2.5.-.12}{5.-.11}{7}{8.10} < {1.12}{8.9} < {1.5.-.11} < {1.-.4} : [840]

Total number of 8-traces: 6
Total number of solutions: 31752

Figure 4.10: Analyze traces of the linear permutation (� 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1).

Applying biological constraints

When a list of biological constraints C is applied, the program analyzes the space of all sorting sequences
that respect the constraints in C and construct C� induced subtraces instead of full traces. This program
enumerates all non-empty C� induced subtraces without enumerating all solutions, and counts the number
of solutions represented by eachC� induced subtrace. It returns the list of non-empty C� induced subtraces
represented by the normal forms of the corresponding tracesand the respective number of solutions in each
strata-induced subtrace.

1. Analyzing the perfect traces of a permutation: the parameter -p -1 may be given (see Figure 4.12). The
version of this program that accepts common interval breaksis not implemented in baobabLuna .

2. Analyzing the progressive perfect subtraces of a permutation, accepting at most i � 0 common interval
breaks: the parameter-p i may be given (see Figure 4.13).

3. Analyzing the strata-induced subtraces of a permutation: the permutation must be linear, the �rst stratum
is assumed to start in point 1, then each stratum starts in the end point of the previous stratum. The
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>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces
-o -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1 -e 0

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01

:: -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 :: 5 cycles

summary

Reversal distance: 8

----------------------------

Component C1 (Reversal distance: 3)

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
... ... ... ... ... ... 03> <03 02> <03 <02 ... ...
... ... ... ... ... ... :10 :07 :11 :08 :09 ... ...

:: +01 +02 +03 +04 +05 +06 -07 -09 -10 +08 +11 +12 :: 10 cycles

3-traces

{7}{8.10} < {8.9} : [3]

----------------------------

Component C2 (Reversal distance: 5)

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 ... ... ... ... ... ... 01> <01 <01
:11 ... :04 :13 ... ... ... ... ... ... :12 :03 :01

:: -04 -03 +12 -11 -10 -09 -08 -07 -06 -05 +02 -01 :: 8 cycles

5-traces

{1.2}{1.2.5.-.12}{2}{12} < {1.-.4} : [60]
{1.-.12}{2}{3.4.12}{5.-.11} < {3.-.11} : [60]
{1.-.12}{2.-.12}{2.5.-.12}{12} < {2.-.4} : [60]
{1.2} < {1.5.-.11} < {1.3.4.12} < {2.-.12}{3.-.11} : [2]
{2.-.12} < {1.3.4.12} < {1.5.-.11} < {1.2}{3.-.11} : [2]
{2.5.-.12}{5.-.11} < {1.12} < {1.5.-.11} < {1.-.4} : [5]

----------------------------

8-traces (obtained from the multiplication of the traces of C1 and C2)

{1.2}{1.2.5.-.12}{2}{7}{8.10}{12} < {1.-.4}{8.9} : [180 ]
{1.-.12}{2}{3.4.12}{5.-.11}{7}{8.10} < {3.-.11}{8.9} : [180]
{1.-.12}{2.-.12}{2.5.-.12}{7}{8.10}{12} < {2.-.4}{8.9 } : [180]
{1.2}{7}{8.10} < {1.5.-.11}{8.9} < {1.3.4.12} < {2.-.12}{ 3.-.11} : [6]
{2.-.12}{7}{8.10} < {1.3.4.12}{8.9} < {1.5.-.11} < {1.2}{ 3.-.11} : [6]
{2.5.-.12}{5.-.11}{7}{8.10} < {1.12}{8.9} < {1.5.-.11} < {1.-.4} : [15]

Total number of 8-traces: 6
Total number of solutions: 567

Figure 4.11: Analyze traces of the linear permutation (� 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1) by multiplying
the traces of its componentsC1 and C2. To obtain the real number of sequences in each trace and thetotal
number of solutions, we must multiply the given number of sequences in each trace and the given number of
solutions by M (3; 5) = 56.

strata end points may be given by the following parameter:
-s [points] : points may be separated by commas, without spaces. Example:
-s 7,15,23 (see Figure 4.14).

4. Compatibility between constraints: some contraints arecompatible and can be applied together. However,
if we try to run the program applying incompatible contraint s, such as strata (parameter-s ) together
with progressive detection of common intervals (parameter-p 0 ) the program will not be launched and
an error message will be written in the output (Figure 4.15).
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>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces -p -1
-o -5,-2,-7,4,-8,3,6,-1

1. 2. 3. 4. 5. 6. 7. 8. 9.
1> <1 1> <1 1> 1> <1 1> <1
:7 :5 :6 :8 :9 :2 :4 :3 :1

:: -5 -2 -7 +4 -8 +3 +6 -1 :: 1 cycles

summary

Reversal distance: 8

8-traces

{1.-.8}{2}{2.-.5.7.8}{2.4.7} < {2.3.7.8}{2.8} < {2.-.6} {7.8} : [1288]
{1.-.8}{2}{2.-.5.7.8}{2.4.7}{3.8} < {2.4.-.7}{4.-.6} < {3.-.7} : [2072]
...
{1.-.8}{2.4.7.8} < {2.-.4.6.7} < {2.3.5.-.8} < {2.-.6.8} < {4.5.7.8} < {4.6.7} < {5.-.7} : [8]
{1.-.8}{3.4.6.8} < {2.6.7} < {2.-.4.8} < {4.6.7} < {3.6.-.8 } < {3.-.5.8} < {3.-.7} : [8]

Total number of 8-traces: 92
Total number of solutions: 51304

Figure 4.12: Analyze perfect traces of the linear permutation (� 5; � 2; � 7; 4; � 8; 3; 6; � 1).

>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces -p 0
-o -5,-2,-7,4,-8,3,6,-1

1. 2. 3. 4. 5. 6. 7. 8. 9.
1> <1 1> <1 1> 1> <1 1> <1
:7 :5 :6 :8 :9 :2 :4 :3 :1

:: -5 -2 -7 +4 -8 +3 +6 -1 :: 1 cycles

summary

Reversal distance: 8

8-traces

{1.-.8}{2}{2.-.5.7.8}{2.4.-.7}{3.8}{2.4.7}{4.-.6}{3 .-.7} (representative)
{1.-.8}{2}{2.-.5.7.8}{2.4.7}{3.8} < {2.4.-.7}{4.-.6} < {3.-.7} (normal form)
[112] (size)

{1.-.8}{2}{2.-.5.7.8}{3.8}{4}{3.4.7}{2.-.4}{2.-.6} ( representative)
{1.-.8}{2}{2.-.5.7.8}{3.8}{4} < {3.4.7} < {2.-.4}{2.-.6 } (normal form)
[1344] (size)

...

{1.-.8}{2.-.5.7.8}{2.4.-.7}{2.3.5.-.8}{2.-.6.8}{3.4 .7.8}{3.-.7}{5.-.7} (representative)
{1.-.8}{2.-.5.7.8} < {2.4.-.7} < {2.3.5.-.8} < {2.-.6.8} < {3.4.7.8} < {3.-.7}{5.-.7} (normal form)
[16] (size)

Total number of 8-subtraces: 12
Total number of solutions: 11568

Figure 4.13: Analyze progressive perfect subtraces of (� 5; � 2; � 7; 4; � 8; 3; 6; � 1), which is a linear permutation.
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>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces
-s 3,11,13 -o -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01

:: -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 :: 5 cycles

summary

Reversal distance: 8

Strata end points:
> 3 (between -3 and 12)
> 11 (between -5 and 2)
> 13 (after -1)

8-traces

{1.2}{2}{1.2.5.-.12}{7}{8.10}{12}{8.9}{1.-.4} (repre sentative)
{1.2}{1.2.5.-.12}{2}{7}{8.10}{12} < {1.-.4}{8.9} (norm al form)
[420] (size)

Total number of 8-subtraces: 1
Total number of solutions: 420

Figure 4.14: Analyze strata-induced subtraces with strataend points in (03.), (11.) and (13.), for the linear
permutation ( � 4; � 3; 12; � 11; � 8; 10; 9; 7; � 6; � 5; 2; � 1).

>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces
-s 3,11,13 -o -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1 -p 0

ABORTED: It is not possible to consider strata together with progressive detection of common intervals.

Figure 4.15: Strata (parameter -s ) and progressive detection of common intervals (parameter-p ) are incom-
patible constraints when analyzing traces of a linear permutation. The program is aborted.
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A.1 Complexity of algorithms

Theoretical complexity of Algorithm 2.

The algorithm of Siepel [40], that searchs all optimal 1� sequences for a given permutation, results in
O(n2) optimal 1 � sequences. For each stepi , the size of the set of optimal i � sequences is therefore at most
n2 � n2 � : : : � n2 (i times), that is, O(n2i ). Since the algorithm of Siepel has complexityO(n3), we can enumerate
the set of all optimal sorting sequences in time at mostn3 �

P d
k=1 n2k , where n is the size andd is the reversal

distance of the input permutation (d is O(n)). In this way, Algorithm 2 has time complexity O(n2n +3 ). 2

Theoretical complexity of Algorithm 3.

Since the reversal distance and the interval sizes are bounded by n, the procedure has complexity
O(n2 logn), considering that the elements of each reversal have to be sorted, which takes O(n logn), and that
comparing reversals may be done inO(n). 2

Theoretical complexity of Algorithm 4.

The set of all optimal d� sequences can be computed with Algorithm 2 that has complexity O(n2n +3 ),
where n is the size of the permutation. There remains to construct the normal form of each trace and to group
the sorting sequences by trace.

The normal form of each sorting sequence is compared to a listof previously constructed normal forms
of traces, so that the trace counter is incremented if it exists already; otherwise the trace is inserted in the list
with counter equal to 1. This may take O(n2 logN ) operations, whereO(n2) is the size of a trace andN is the
number of found traces. AsN is bounded by the number of sorting sequences, we haven2 logN � n2 log(n2n ) =
2n3 logn.
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Eventually, the total time complexity for enumerating all t he normal forms of the traces is bounded by
O(n2n +3 ) + O(n2n (n2 logn + 2 n3 logn)) = O(n2n +3 logn). 2

Theoretical complexity of Algorithm 5.

As we saw, the algorithm basically repeats the same procedure for each pre�x of a �nal trace (see
Figure A.1). To each pre�x we �rst apply the reversals of its n ormal form to the initial permutation (this takes
O(n2)). Then we compute the next 1� sequences thanks to the algorithm of Siepel [40], that has complexity of
O(n3) and may return O(n2) 1� sequences. Each one of these returned 1� sequences is added to the previous
pre�x in O(n2). Thus, each pre�x is processed inn2 + n3 + n2 � n2, that is O(n4).

Figure A.1: Processing a pre�x of a trace when computing traces. To each pre�x we �rst apply the reversals
of its normal form to the initial permutation. Then we comput e the next 1� sequences thanks to the algorithm
of Siepel [40], that has complexity ofO(n3) and may return O(n2) 1� sequences. Each one of these returned
1� sequences is added to the previous pre�x inO(n2). Thus, each pre�x is processed inO(n4).

Consequently, the complexity of Algorithm 5 depends on the total number of pre�xes, that is given
by

P d( � )
i =1 trc (i ), where trc (i ) is the number of i � traces of optimal i � sequences. To give an estimation of the

number of pre�xes of a trace, we need to adopt a representation of the traces as partially ordered sets (posets).
It is possible to represent a traceT that contains an optimal sequence� 1 : : : � d by a partial ordering of the set
PT = f (� i ; ki )gi , 1 � i � d, where ki is the number of occurrences of the reversal� i in � 1 : : : � d. The relation
< T is de�ned as the transitive closure of the relation � , itself de�ned by ( � i ; ki ) � (� j ; kj ) if and only if i < j
and � i and � j overlap. In other words, (� i ; ki ) < T (� j ; kj ) if and only if the kth

i � i is always before thekth
j

� j in the elements of T (see [21]). For example,T = f 1; 2; 4gf 3g < f 1; 3; 4g < f 2; 3; 4g is a trace of optimal
sorting sequences of reversals for the permutation (� 3; 2; 1; � 4). The elements ofPT are (f 1; 2; 4g; 1), (f 3g; 1),
(f 1; 3; 4g; 1) and (f 2; 3; 4g; 1), and the relations are (f 1; 2; 4g; 1) < T (f 1; 3; 4g; 1), (f 1; 3; 4g; 1) < T (f 2; 3; 4g; 1)
and (f 1; 2; 4g; 1) < T (f 2; 3; 4g; 1).

The set PT with the relation < T is a partially ordered set (poset). A linear extension of a poset is a
total order < tot which satis�es � < T � ) � < tot � . The set of all linear extensions of (PT ; < T ) is exactly the
set of elements of the traceT (see [21]). We may therefore identify the traceT and the poset (PT ; < T ), and
simply speak about the posetT .

The height of a trace T (or poset PT ) is the cardinality of the maximum set of elements ofPT that is
totally ordered by the relation < T . It is also the number of sub-sequencesui in the normal form of the trace T.

The width of a trace T (or poset PT ) is a maximum cardinality set of elements of PT that are not
comparable by the relation < T . It correponds to the largest subset of reversals ofT in which every pair of
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reversals commute and is at least (but in general not equal to) the maximum size of a sub-sequenceui in the
normal form of the trace T. The width of a poset can be computed in polynomial time thanks to a reduction
of Fulkerson [23] to a bipartite matching problem.

The representation of a trace as a poset allows us to use the parameters of the poset in the computations
of the complexity of the algorithms, and it is also a nice way to present the solution of sorting by reversals.
Indeed, a poset corresponds to a set of reversals that may have occurred during evolution and that could
therefore help explain the di�erence between the organisation of two genomes. It indicates what we know and
what we do not know about the order in which these potential reversals occurred. Instead of giving a list of
sequences, or a unique sequence representing an equivalence class, the poset therefore givesone possible sorting
sequence, with uncertainties as concerns the exact shape ofthe sequence.

An ideal of a poset (PT ; < T ) is a subsetU of PT such that if � 2 U and � < T � , then � 2 U. It is very
easy to see that ideals of posets and pre�xes of traces correspond to the same notions, and that in particular,
the number of pre�xes of a traceT is exactly the number of ideals of the poset (PT ; < T ). The advantage of this
notation is that the number of ideals of a poset can be estimated. It is bounded by nk , where n is the size of
PT and k is the width of the poset [42].

The number of i � traces that we generate is therefore bounded byNn kmax , where N is the number of
d� traces and kmax is the maximum width of a d� trace. Given this estimation, we may give a bound to the
complexity of our algorithm. Indeed, for every i � trace, 1 � i � d� 1, we apply anO(n3) algorithm to �nd all the
1� sequences. For all these 1� sequences (there are at mostn2 of them), we then apply Algorithm 3 to construct
the normal form of the (i +1) � trace, and compare the constructed normal form to the current list of normal forms
of (i + 1) � traces. This gives a �nal complexity of O(Nn kmax (n3 + n2(n2 + n log(Nn kmax )))) = O(Nn kmax +4 ).

Observe that computing the number of linear extensions of a poset is #P� complete [16], and the best
known algorithms run in O(nk ), where n is the size of the poset andk is its width [43]. Our algorithm counts
the number of elements in eachd� trace, that is the number of linear extensions of the associated posets. Our
time complexity thus nearly reaches the best known complexity for the counting part.

The posets corresponding to the tracesf 1gf 1; 2; 3gf 2gf 4g and f 1; 2; 4gf 3g < f 1; 3; 4g < f 2; 3; 4g, that
represent all optimal sequences sorting� = ( � 3; 2; 1; � 4), have widths 4 and 2 respectively. In �gure 2.11 we
can observe that the number of pre�xes of tracef 1gf 1; 2; 3gf 2gf 4g, that has the higher width, is e�ectively
higher than the number of pre�xes of trace f 1; 2; 4gf 3g < f 1; 3; 4g < f 2; 3; 4g.

If in general the width of a poset may be as large as its number of elements, we have made some
experiments on simulated permutations (see Figure A.2) which show that, in practice, this parameter is often
lower, which explains the speed-up of our algorithm compared to a total enumeration procedure.

2

Theoretical complexity of Algorithm 6.

As we have seen before, Algorithm 5 has complexityO(Nn kmax +4 ), where n is the size of the input
permutation � , N is the number of computed �nal traces and kmax is the maximum value for the width of a
�nal trace. The 4 in the exponent of this formula is due to the processing of each (i � 1)� trace T to generate
the subsequenti � traces, given by the following procedure: (1) apply the sequences of reversals off , which is
the normal form of T , on the initial permutation � to obtain � f ; (2) run Siepel's algorithm [40] over� f ; (3) add
each one of theO(n2) reversals returned by Siepel's algorithm toT to compute a newi � trace. The complexity
of this procedure is (1) + (2) + (3) = n2 + n3 + n2:n2, that results in O(n4).

With respect to the original algorithm, in order to compute p rogressive perfect subtraces we added two
new steps to the processing of an (i � 1)� subtrace t to generate the followingi � subtraces: (1B) computing the
irreducible common intervals in � f ; (2B) �ltering each reversal returned by Siepel's algorithm. Computing the
irreducible common intervals can be done inO(n) time [27]. Filtering the reversals, that is, testing whether
each one of theO(n2) reversals returned by Siepel's algorithm overlaps with each one of the irreducible common
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Figure A.2: Distribution of the width of posets for 3 random permutations of size 20 and di�erent reversal
distances (d = 8, d = 10 and d = 12). For each permutation, we computed the traces of optimal sequences and
we calculated the number of occurrences of each width in the traces.

intervals can take n2:n:n, because comparing two intervals (a reversal and a common interval) takes O(n) and
each reversal has to be compared toO(n) [27] irreducible common intervals. Thus, the complexity of processing
an (i � 1)� subtrace is given by (1) + (1B ) + (2) + (2 B ) + (3) = n2 + n + n3 + n4 + n4, that results in O(n4).
Consequently, the complexity of the modi�ed algorithm is O(Ln kmax +4 ), where L is O(N ) and represents the
number of computed �nal progressive perfect subtraces.

Observe that, for calculating perfect traces, we compute the irreducible common intervals once for the
input permutation � , and then we only have to introduce the �ltering step, whose complexity is O(n4), in the
original algorithm. Thus, the theoretical complexity in th is case isO(Mn kmax +4 ), where M , the number of
computed �nal perfect traces, is alsoO(N ). 2

Theoretical complexity of Algorithm 7.

The complexity is the same of Algorithm 5: since the positionof a stratum in the genome remains
unchanged until the stratum is created, to select a reversalwe only need to compare its boundaries to the
boundaries of the next stratum to be created, which takes constant time. Thus, the selection step can be
done in time O(n2) since the number of reversals returned by Siepel's algorithm is O(n2) (n is the size of the
permutation). The number of selected big and small reversals is also bounded byn2. 2

A.2 Proofs of propositions

Proof of Proposition 1

The extremities of a split or neutral reversal � are in the same cycle, and consequently, in the same
component of � . The other components of� are either completely within � , or completely external to � . If
a componentC is within � , all points in C are inversed, but the number of cycles, and the relative directions
of the black edges in the cycles ofC remain unchanged. If a componentC is external to � , then C remains
obviously unchanged. 2

Proof of Proposition 2
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We saw that, for each sequences 2 S sorting � into � T , there is a sequenceinv (s) 2 inv (S) that sorts � T

into � . By contradiction, we prove that inv (S) contains all sequences that sort� T into � . Otherwise, suppose
a sequenceu =2 inv (S), such that u sorts � T int � . Then we would have a sequenceinv (u) that sorts � into
� T and, sinceu =2 inv (S), inv (u) =2 S. This is a contradiction, becauseS is assumed to contain all sequences
sorting � into � T .

The proof in the opposite direction is analogous. 2

Proof of Proposition 3

We saw that eachs is a sequence sorting� into � T , thus, inv (s) is a sequence sorting� T into � . For
each pair of sequencess; s0 2 T, we always obtain a pair inv (s); inv (s0) of equivalent sequences under the
commutation of non-overlapping reversals (each pair of non-overlapping reversals� and � in s and s0 has a
corresponding pair of non-overlapping reversals� and � in inv (s) and inv (s0)), thus all sequences ininv (T) are
equivalent. By contradiction, we prove also that inv (T) is a trace, that is, for a given sequenceu 2 inv (T),
all sequences that sort� T into � and are equivalent to u are in inv (T). Otherwise, suppose a sequencev that
is equivalent to u, such that v is not in inv (T). Then we would have a sequenceinv (v) that is equivalent to
inv (u), and, while inv (u) is in T , inv (v) is not. This is a contradiction: since T is assumed to be a trace, it
contains all sequences that are equivalent under the commutation of non-overlapping reversals.

The proof in the opposite direction is analogous. 2

Proof of Proposition 4

Recall that the formula for the reversal distance isd(� ) = pts(� ) � cyc(� ) + hrd(� ) + f rt (� ). Since a
merge reversal joins two cycles, it decreasescyc(� ) by one. However, when a merge reversal is used to eliminate a
fortress, it decreaseshrd(� ) by one and f rt (� ) by one. A merge reversal can also be used to merge two hurdles,
and in this case it decreaseshrd(� ) by two. If the permutation � has at most one unoriented component,
f rt (� ) = 0 and hrd(� ) � 1. Thus a merge reversal applied to� can not decreasef rt (� ) and decreaseshrd(� )
at most by one. Consequentely, if� has at most one unoriented component, no optimal sequence sorting �
contains merge reversals. 2

Proof of Proposition 5

Let s = � 1� 2 : : : � d be an optimal sequence of reversals sorting� , with d = d(� ). The permutation � has
at most one unoriented component, thuss has only split or neutral reversals (Proposition 4). Since each split
or neutral reversal a�ects one single component of� (Proposition 1), we can construct the component-speci�c
subsequencess1, s2, . . . , sc as follows. In the beginning, eachsi is an empty sequence. Take each reversal� k

of s (k from 1 to d) and concatenate� k to the sequencesi , corresponding to the i th component of � , that is
a�ected by � k . Each � k is concatenated to exactly one subsequencesi , thus jsj = js1j + js2 j + : : : + jscj and each
si contains only reversals that are internal to the i th non-trivial component of � . 2

Proof of Proposition 6

It is easy to see that any trace inT1 
 T 2 
 : : : 
 T c� 1 
 T c is also in T . By contradiction, we show that
any trace in T is also in T1 
 T 2 
 : : : 
 T c� 1 
 T c. Suppose a traceT 2 T that is not in T1 
 T 2 
 : : : 
 T c� 1 
 T c.
Since � has at most one unoriented component, each optimal sequences 2 T sorting � can be partitioned in
c subsequencess1, s2, . . . , sc, where jsj = js1j + js2j + : : : + jscj and eachsi contains only reversals that are
internal to the i th non-trivial component of � (Proposition 5). Thus T is in T1 
 T 2 
 : : : 
 T c� 1 
 T c, which is
a contradiction. 2



62 APPENDIX A. PROOFS REFERRING TO CHAPTER 2

Proof of Proposition 7

It is easy to see that breaking a irreducible interval in the chain that generates a reducible interval� also
breaks � . Since each pair of consecutive irreducible intervals in the chain that generates� have a non-empty
intersection, breaking � breaks at least one irreducible interval in the chain that generates� . 2

Proof of Proposition 8

If any sequences = � 1 : : : � k for sorting a permutation � is perfect, by de�nition none of � 1; : : : ; � k

overlap some common interval of� . So any sequence with the same reversals in a di�erent order is perfect. This
is the case for all the sequences of a trace, so if one sequenceof a trace is perfect, they all are. 2

A.3 Proofs of theorems

Proof of Theorem 1

The proof is by induction. We prove that at the end of step i of the main loop of Algorithm 5, the set
T contains all the normal forms and the size of thei � traces of optimal sequences for� .

For i = 1, each 1� trace is generated by running the algorithm of Siepel [40] over � and the size of a
1� trace is 1.

For an arbitrary 2 � i � d(� ), by hypothesis, T contains all the normal forms and the size of the optimal
(i � 1)� traces. Every i � trace has a pre�x in this set, since a pre�x of sizei � 1 of an optimal i � sequence is an
optimal ( i � 1)� sequence. So everyi � trace is found from an (i � 1)� trace by adding a 1� sequence.

Now it remains to prove that the cardinality of an i � trace T is the sum of the cardinalities of its
(i � 1)� pre�xes, so that the right size of all traces is computed. Let � 1; : : : ; � k be the reversals that are in
the last position of at least one sequence inT . Let x j be the number of elements ofT which have � j as their
last position. Then the number of sequences ofT is

P
j x j . Now, for all j , since � j is the last reversal of an

optimal i � sequencex1 : : : x i � 1� j of T , x1 : : : x i � 1 is an optimal (i � 1)� sequence of reversals, so it belongs to
an (i � 1)� trace T 0 of sizex j . By the induction hypothesis, the size of the traceT is therefore the sum of the
sizes of all (i � 1)� pre�xes of T , and the algorithm provides this size, since it generates all pre�xes. 2
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