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Abstract

Calculating the reversal distance and nding one optimal s&uence of reversals to transform a genome into
another are useful algorithmic tools to analyse real evolubnary scenarios. When gene duplications are not
allowed, there are polynomial algorithms to solve both protlems. However, the number of di erent optimal
sorting sequences is usually huge and some additional crife should be taken in consideration in order to
obtain a more accurate analysis.

One strategy is searching for sequences that respect someoligical constraints, such as the common
intervals, which are the list of clusters of co-localised gees between the considered genomes - an optimal sequence
of reversals that does not break the common intervals may be wre realistic than one that does break. Another
approach is to explore the whole universe of sorting sequess, but, since this set may be too big to be directly
interpreted, a model has been proposed to group the sortingegjuences into classes of equivalence, reducing thus
the size of the set to be handled. Recently an algorithm to diect generate the classes without enumerating all
sequences was proposed (besides one representative, thigagithm is also able to give the number of sequences
in each equivalence class). The implementation of this algithm is one of the most important features of
baobabLuna .

Although the number of classes is much smaller than the numbeof sorting sequences, it can also be
too big. Thus, to reduce the universe of sequences and class®aobablLuna makes use of di erent biological
constraints, such as the common intervals (initially and progressively detected).

In this work we describe baobabLuna , a java framework to deal with genomes and reversals, that
contains the implementations of the mentioned algorithms. We also give details of the technical aspects of
baobabLuna , a description of its interface, download and setup instru¢ions and a tutorial of the executable
programs.
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Chapter 1

Introduction

This work concerns a new software for genome rearrangemenmnalysis, that contains the implementation of
an algorithm that gives a compact representation of all optimal sequences of reversals that sort a genome into
another.

Genomes are subject to constant mutations during evolution Those mutations can be of small scale,
such as single nucleotide polymorphisms (SNPs), or of largscale, such as reversals, insertions, deletions,
transpositions, fusions and ssions of chromosomes. Reveals are among the events more frequently observed,
specially in the evolution of prokaryotes. In eukaryotes, eversals have also been observed. As an example,
current theories claim that reversals have a major role to eplain the evolution of sexual chromosomes in
mammals and in other organisms [32, 39, 41].

One of the most studied problems in a computational approacito pairwise comparative genomics is to
determine the rearrangements that have transformed one gesme into the other. When the accepted events are
restricted to reversals, the genomes are assumed to be freégene duplications and the orientation of the genes
is taken into account, there are polynomial algorithms to cdculate the reversal distance between two genomes
(that is, the minimum number of reversals required to transform a genome into another) and to determine
an optimal sequence of reversals that transforms one genonieto the other [25, 26]. Several studies propose
algorithms that give one optimal sequence of reversals [2,, 22, 24, 44], but there may be a huge number of such
sequences. As we will see later in this manuscript, when conaping two short genomes that share only twelve
homologous markers, for example, the number of optimal soibg sequences can be greater than 3000, and it
can be insu cient when attempting to give a biological inter pretation to know only one among them.

In order to obtain a more accurate analysis, some additionatriteria should be taken in consideration.

One strategy is searching for sequences that respect someolmgical constraints, such as common intervals,
which are the list of clusters of co-localised genes betweehe considered genomes - an optimal sequence of
reversals that does not break the common intervals may be mar realistic than one that does break them [22].
Another approach, proposed by Siepel [40], is a method to emerate all optimal sorting sequences. This is
however almost as useless as providing only one sequencegcaese often the sequences are so many that the
whole set cannot be presented (when it can be computed). Beggon et al. [7] then provided a way to group the
parsimonious sequences into equivalence classes. However algorithmic study was performed, and in particular
the problem of giving one sequence in each class without enterating all the sequences was mentioned open.

An algorithm that gives one optimal sequence of reversals tat sorts a genome into another per class
of equivalence, and counts the number of sequences in eaclas$ was then provided by Brageet al. [15]. The
number of classes is much smaller than the number of optimaleqjuences, but it may still be too big to be
interpreted. Thus, to reduce the number of classes even moydoth strategies were put together, that is, some
biological constraints were used to Iter reversals and refrain the construction of classes such as only those
whose sequences are in agreement with the given constraintse constructed. Several di erent constraints were
applied, such as the common intervals (initially and progressively detected) [14, 15], and the strati cation of



2 CHAPTER 1. INTRODUCTION

a genome (specic to the X and Y chromosomes evolution). We aalyzed qualitatively how the constraints
may a ect the chronology of the reversals, showing that someof these constraints lead to symmetric (when the
results of sorting a genomeA into a genomeB can be obtained from the results of sortingB into A) and others
lead to asymmetric approaches. In addition, a set of constriats can be applied together, under the condition
that they are compatible.

All the algorithms described in this work were implemented n an object oriented paradigm, integrated
to the software baobabLuna [12], a java framework to deal with genomes and reversals, #t is available on-line.
In order to be able to deal with the huge amount of data when costructing the classes of equivalent sorting
sequences, we developed a java structure that is able to e @ntly compress and store the equivalence classes
in a sorted set during the construction. We compared the perfrmance of this structure with a java standard
implementation of a sorted set, showing that we are able to s&& memory without losing in the execution time.
With baobablLuna , we run experiments of all the variants of the algorithm, shaving the gain in the execution
time when the biological constraints are applied.

This manuscript is organized as follows. In Chapter 2, we tak about the methodological background of
baobabLuna , that is the algorithmics of sorting by reversals, the algoithm that gives a representation of the
space of all solutions to the sorting by reversals problem ah how to take biological constraints in consideration
to reduce the space to be handled. In Chapter 3 we describe thiechnical aspects ofbaobabLuna [12], which
is a Java framework with the implementations of all algorithms presented in Chapter 2. Chapter 4 contains a
description of baobabLuna interface, setup instructions and a tutorial of the executable programs.
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4 CHAPTER 2. METHODOLOGICAL BACKGROUND AND EXPERIMENTS

2.1 Sorting by reversals

The classical algorithmic problems in pairwise comparatie genomics are to compute the rearrangement distance
between two genomes [26], that correspond to the minimum nutimer of rearrangement events that are required to
transform one genome into the other, and to determine an opiinal sequence of events to transform one genome
into the other. These problems have several variations, aarding to the events that may be considered [44].

In this section, we talk about sorting one unichromosomal gaome into another by reversals when gene
duplications and insertions are not allowed. Observe that ve also assume that the order of the genes is known
in both genomes, which often is not true in practice [46]. Oneof the rst studies that proposed algorithms
to compute the reversal distance between two genomes was ddeped by Kececioglu and Sanko [30], with an
approach that does not take into account the orientation of the genes. Later this approach, calleduinsigned
sorting by reversals was proven to lead to anNP -hard problem [18]. We worked on a di erent approach, called
signed sorting by reversalsor simply sorting by reversals in which the orientation of the genes is taken into
account. Kececioglu and Sanko [30] had already observed #hit some aspects of signed sorting by reversals were
easier to analyze, and, indeed, this approach can be solved polynomial time [25, 26], as we will describe in
this chapter.

Despite the simpli cations (not considering duplications or insertions and assuming that the order of the
genes is known in both genomes) mentioned above, the sortingy reversals problem is very interesting. From
the biological point of view, as we said before, reversals arfrequently observed, specially in prokaryotes. And
reversals are also interesting from the algorithmic point d view. First we note that it is always possible to sort
a genome into another by reversals. In the worst case, we nedado reversals to put each marker of the rst
genome in the position that it occupies in the second genomeofie reversal to put the marker in the proper
position and eventually a second reversal to inverse its oentation). Thus, if the two considered genomes has
homologous markers, in the worst case we neechZeversals to sort one genome into the other. We will see later
in this chapter that in general at most n reversals are su cient to sort a genome into another and a ctitious
example is given in Figure 2.1.

A iﬁ:i;ﬁzij T3 DIPE -3 2 1-4 A

i
T G DElE -3 4 -1 -2

1 N - 15
¥ T — — 1 13 »daE s o4 1 -4 3 -2
>—< ——
3
3'[ I I 15
i = SN 0 2 P SO 1 2 -3 &

B :::?:- I T , :Z ey s B 1 2 3 4 B

Figure 2.1: Sorting genomeA into genome B by reversals only. Homologous markers (usually genes) are
identi ed by the same numbers and colours. Signs indicate tle DNA strand the markers lie on.

Computing the reversal distance, that is, the minimum number of reversals that are required to transform
one genome into the other, and nding an optimal sorting sequence can be solved in polynomial time [25, 26].
These two problems have been the topic of several works. Theastest algorithm to compute the distance
takes O(n) time [2] and the fastest way to nd an optimal sorting sequence is subquadratic [9, 24, 44]. It
is possible that this mathematical notion of reversal distance and the method of searching optimal sequences
can underestimate the actual number of steps that occurred tologically. However, the solutions of these two
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problems are still valuable tools that help to analyze and tounderstand evolutionary scenarios. Currently, there
are at least two available softwares to solve these problemsOne is the packageGRAPPAthat is discussed in
more detail in [36] and contains the fastest algorithm to conpute the reversal distance (mentioned above). The
other is the software GRIMR) that is described in [45] and contains one of the most used pgrams to sort a
genome into another by reversals. These programs were usea particular by Ross et al. [39] in the analysis of
the human sexual chromosomes X and Y and by Blanet al. [10] in the analysis of theRickettsia bacteria.

Observe that with reversals we can simulate a transposition that is another possible rearrangement
event in unichromosomal genomes. A transposition is said thhlappen when two consecutive markers of a genome
exchange their positions. It is always possible to producehte same result as a transposition with a sequence of
three reversals (see Figure 2.2). Thus a sequence wf transpositions can always be transformed in a sequence
of 3m reversals. However, this does not mean that there is a cleaetation between the reversal distance and the
transposition distance. Eventually a sequence of transpositions can be replaced by a sequence with less than
3m reversals. Moreover, although the reversal distance can bebtained in polynomial time, the complexity of
computing the transposition distance is still an open probkem in the algorithmics of genome rearrangements [3].

one transposition OR three reversals
A

[OEME OB OBDE (OB
oa@Es (oo [OEare
ohas O O
EBJE) b D) OB [OEBE (O

Figure 2.2: A transposition or a sequence of three reversal®ay produce the same rearrangement in a genome.
Observe that the three reversals can be applied in di erent aders.

In the rest of this chapter we will introduce our notation and explain the classical approach of Hannenhali
and Pevzner [25, 26, 38] for the sorting by reversals problem

2.1.1 Permutations, intervals and reversals

We represent the studied genomes by the list of homologous migers (usually genes or blocks of contiguous
genes) between them. These homologous genomic markers amepresented by the integers 12;:::;n, with
a plus or minus sign to indicate the strand they lie on. The orcer and orientation of the markers of one
genome in relation to the other is represented by asigned permutation = ( 1; 2;:::; n 1; n) Of sizen over
fon;:i:z 1;1;:::;ng, such that, for each valuei from 1 to n, either i or i is mandatorily represented, but
not both The |dent|ty permutation (1;2;3;:::;n) is denoted by .

A subset of numbers f 1;2;:::;n 1;ngis said to be aninterval of a permutation if there existi;j 2

fl,:::;ng,1 i j n,suchthat = fj i;J vl 1dhJ jig9. Given a permutation  and an interval
of , we can apply areversalon the interval of , that is, the operation which reverses the order and ips the
signsoftheelementsof denoted by | T A T T PO RS S BT S U TR |
and =1 ijij ieaiiind g oabii o,

=( o1y 2005 i1 gy o 1aiihyisls iy 4Lty on 1 n)e

1The package GRAPP{Genome Rearrangements Analysis under Parsimony and other Phylogenetic Algorithms) contains several
programs to deal with genome rearrangements and can be downl oaded at http://www.cs.unm.edu/ ~moret/GRAPPA/

2The software GRIMMontains also algorithms for multichromosomal genome rear rangements and is available online at http:
/lgrimm.ucsd.edu/GRIMM/ .
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For example, with the permutation = ( 3;2;1; 4) and the interval = f1;2;4g we have =
( 3;4; 1, 2). Due to this, aninterval can also be used to denote a reversal.

We say that a permutation is linear when it represents a linear chromosome, ocircular when it rep-

mutation —=( n; n 1;:::; 2 1) (generated by a reversal over all values of ) and all circular per-

mutations obtained by a shift in  or — are equivalent to . A shift of i elements in a circular permutation
=( 1, 2557 nis on i+l n i+2::i% n 15 n) transfers the last i elements of to the beginning of

This operation generates the circular permutation ( n j+1; n i+2;::5; n 1, n, 1, 2;:::; n i). Observe, for

example, that the circular permutations = ( 3;2;1; 4)and °=( 1; 2;3;4)are equivalent (we can obtain
O by applying a shift of 3 on ™).

For a given permutation = ( 1; 2;:::; n 1, n), We say that there is a point between each pair of
consecutive values ; and . in . In addition, if is circular, there is one additional point between , and
1. If s linear, there are two additional points, one before ; and the other after . We denote by pts( )
the number of points in a permutation . Thus, if is circular, then pts( ) = n. Otherwise is linear and
pts( )= n+1.

When we analyze a permutation =( 1; 2;:::; n 1, n)With respectto another permutation 1, each
point in  can be anadjacency or a breakpoint We say that a pair of consecutive values (j; j+1)in is an
adjacency between and 1 when either the values in the pair ( i; j+1) or the values in the pair ( j+1; )

are consecutive in . Moreover, if the permutations are circular, we assume that ,, is the last value of 3,
and the pair ( ; 1) is an adjacency when 1 is the rst value in 1. If the permutations are linear, we have
an adjacency before ; if ; is also the rst value in 1 and an adjacency after ,, if , is also the last value
of t. All points that are not adjacencies between and t are called breakpoints. We denote byadj( ) the

number of adjacencies and bybrp( ) the number of breakpoints in a permutation . It is easy to see that
brp( ) = pts( ) adi( ). Observe that, if is sorted, thatis, = 1, then has only adjacencies and no
breakpoints, and, if & t,then has at least one breakpoint.
A sequenceor i sequenceof reversals ; »::: i is valid for a permutation if 3 is an interval of |,
> is an interval of 1, 3 is an interval of ( 1) 2,andsoon. If 1 ,::: jisavalidi sequence of
reversals for a permutation , then 1 2::: ; denotes the consecutive application of the reversals;, »,
. i in the order in which they appear. We say that ani sequence of reversals; ::: | sorts a permutation
into a permutation 1 if 1000 = T,
The length of a shortest sequence of reversals sorting a pettation into t is called the reversal
distanceof and 1, and is denoted byd(; +t). Lets= 1 ,::: ; be avalidi sequence of reversals for a
permutation . Ifd( s; t)=4d(; 1) I,thensis saidto be anoptimal i sequence Moreover, if s is an

optimal i sequence and = d(; 71), then s is simply called an optimal sorting sequencefor and 1. We
also de ne the k pre x of an optimal sorting sequences as the sequence composed by the rsk reversals ofs.
Observe that if sPis ak pre x of an optimal sequences sorting into t,thend( s% 1)=d(; 7) k, thatis,
sis an optimal k sequence for and 1. For example, if we consider two linear permutations = ( 3;2;1; 4)
and 1 =14, we haved(; 1)=4 and one optimal sorting sequence i 1; 2; 4gf 1; 3; 4gf 2; 3; 4gf 3g, whose 1 ,
2 and 3 prexes are f1;2;4qg, f1;2;49f1; 3;4g and f 1; 2; 4gf 1, 3; 4gf 2; 3; 4g.

Henceforth we will generally use simply the term sequence dr sequence to refer to an optimal sequence
or optimal i sequence of reversals. Moreover, for the purposes of our vi@rthe initial and the target permu-
tations and 1 are either both linear, or both circular. Without loss of generality, we often omit the target
permutation . In this case, 1 corresponds to the identity permutation |1 , = (1;2;3;:::;n), where n is the
size of the initial permutation , and the notation d( ) is equivalent to d( ; | ).

31f the permutations are circular, without loss of generalit y, we can assume that the last value in  and 7 are the same; if it is
not the case, we take as an equivalent circular permutation with this characterist ic.
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2.1.2 The breakpoint graph and the reversal distance

As mentioned, given a permutation , calculating d( ) and nding one optimal sequence of reversals sorting
can be computed in polynomial time. The classical approachdr analyzing these two problems was developed
by Hannenhalli and Pevzner [6, 25, 26, 38] and is based on a spal structure called the breakpoint graph whose
edges can beblack or gray.

pair of consecutive values by a horizontal black edge (eachléack edge represents a point in the permutation).
Lastly, we may link with gray edges the rst extremity of the b lack edge that appears after zero or a positive
value i (analogously the last extremity of the black edge that appeas before a negative value i) with the last
extremity of the black edge that appears before a positive vlue i + 1 (analogously the rst extremity of the
black edge that appears after a negative value (i +1)). Thus, each gray edge links extremities of black edges.
At the end, we have a graph with a collection of cycles, and in ach cycle black and gray edges alternate. When
a cycle contains only one black and one gray edge, it covers adjacency and is calledtrivial cycle. The cycles
that contain four or more edges cover at least two breakpoint and are calledlong cycles The construction of
the breakpoint graph of a linear permutation is illustrated in Figure 2.3 (A).

(A)
(B) ©
05T 135 44 05 +1 5 4252 4352 414 4 45

Figure 2.3: (A) The construction of the breakpoint graph for the linear permutation = ( 3;2;1; 4)is done
by the following steps: 1- add the valuesD and +5 , that represent the extremities of the chromosome; 2- link
each pair of consecutive values by a black edge. 3- link withrgy edges the rst extremity of the black edge
that appears after zero or a positive valuei (analogously the last extremity of the black edge that appeas
before a negative value i) with the last extremity of the black edge that appears before a positive valuei + 1
(analogously the rst extremity of the black edge that appears after a negative value (i +1)). The obtained
breakpoint graph has one long cycle with ve breakpoints andno adjacencies. (B) The breakpoint graph for
the circular permutation ( 3;2;1; 4), which is equivalent to the circular permutation ( 1; 2;3;4). In this
case, in the rst step we may add only the valueO in the beginning of ( 1; 2;3;4), henceforth the procedure is
identical. This graph has two cycles: one trivial cycle (whch correspond to the adjacency between 3 and 4) and
one long cycle with three breakpoints. (C) The breakpoint gaph for the linear permutation | 4 = (1;2;3;4).
This graph has ve trivial cycles (each trivial cycle is an adjacency) and no breakpoints.

Observe that, for a given permutation , the breakpoint graph is di erent depending on whether
is linear or circular, as we can see comparing the graph for # linear permutation ( 3;2;1; 4) and the
circular permutation ( 3;2;1; 4) (Figure 2.3 (A) and (B)). However, they can be analyzed exatly in the
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same way, that is, the only di erence between circular and Inear permutation analyses is the breakpoint graph
construction. Thus, without loss of generality, henceforh we will often talk about breakpoint graphs, without
specifying whether the corresponding permutations are liear or circular. To denote the breakpoint graph of a
permutation , we will use the same symbol .

If a permutation is sorted, it has only adjacencies, and the resulting breakpint graph is a collection
of pts( ) trivial cycles (see Figure 2.3 (C)). A breakpoint graph that has only trivial cycles is said to be sorted.
Since a long cycle contains at least two breakpoints, if is unsorted, then has at mostpts( ) 1 cycles.
This indicates that, in order to sort a permutation, we may induce an increase of the number of cycles in its
corresponding breakpoint graph. The number of cycles in thebreakpoint graph of a permutation  is denoted

by cyd ).

Hannenhalli and Pevzner [25, 26, 38] described the e ects & reversal over a breakpoint graph . The
authors demonstrated that a reversal is either a split reversal, that increases the number of cycles by one, (in

this case we havecyq ) = cyd )+ 1), or a joint reversal, that decreases the number of cycles by one (in
this case we haveey( )= cyd ) 1), oraneutral reversal that maintains the number of cycles unchanged
(in this case we havecy ) = cyd )). In order to characterize these three types of reversalswe assign a

direction to each black edge, according to an arbitrary tourin each cycle of the graph. Then, if the extremities
of the reversal are in black edges in the same cycle and have pgsite directions, we have a split reversal. If the
extremities of the reversal are in black edges in di erent cgles, we have a joint reversal (independently of the
directions of the black edges). Finally, if the extremities of the reversal are in black edges in the same cycle and
have the same direction, we have a neutral reversal that doesot change the number of cycles in the graph. To
understand the reasons of these e ects, we should investiga how the reversals a ect the topology of the graph.
In fact, only the two black edges that correspond to the extrenities of the reversal are modi ed. Although
some vertices may also have their corresponding values inkged, all the other edges in paths that alternate gray
and black edges remain unchanged (consequently, their refige directions remain also unchanged). Figure 2.4
illustrates the three types of reversals.

In order to sort a permutation, we must maximize the number of split reversals in the sorting sequence.
With this information, we can start to conceive the formula for the reversal distance. If we can nd a sequence
s that has only split reversals for sorting a breakpoint graph , the length of sis pts( ) cyd ). However,
a split reversal does not always exist. For example, if all khck edges of all cycles in the graph have the same
direction, we cannot perform a split reversal (Figure 2.5 (A). Thus, in some cases, we may need to add some
joint and/or neutral reversals in a sorting sequence, and tte reversal distance igd( ) pts( ) cyd ).

Fortunately, it is always possible to calculate the number d non-split reversals in a sorting sequence.
We can de ne an exact formula to the reversal distance, but rst we need to de ne other properties of the
breakpoint graph. When a cycle in the graph has black edges wi opposite directions, it is called an oriented
cycle Otherwise all black edges in the cycle have the same directh and we have anunoriented cycle A
component of the graph is a collection of cycles, such that edn cycle of the component has at least one gray
edge that overlaps with a gray edge of another cycle in the coponent. Adjacencies are trivial components,
and a non-trivial component contains at least two breakpoirts. When a non-trivial component has at least one
oriented cycle, it is an oriented component Otherwise it is an unoriented component Figure 2.5 (B) shows a
breakpoint graph with an oriented and an unoriented componat.

A reversal is calledcut reversalwhen its extremities are in the same cycle of an unoriented coponent.
A cut reversal is always neutral and transforms an unorientel component into an oriented component (Fig-
ure 2.6 (A)), thus we say that a cut reversal eliminates an uneiented component (observe that a cut reversal
does not change the number of cycles in the breakpoint graph)When the breakpoint graph has more than one
unoriented component, it is not always necessary to use oneut reversal for each unoriented component. An
unoriented componentY separates two other unoriented componentX and Z when there is a black edge off
between any black edge oK and any black edge ofZ. In this case, a reversal that has one extremity inX and
one extremity in Z will regroup the components X, Y and Z into one oriented component (Figure 2.6 (B));
this kind of reversal is calledmerge reversal A merge reversal is always a joint reversal that regroups unori-
ented components into one oriented component, for 2, thus we say that a merge reversal eliminates 2
unoriented components (observe that a merge reversal deases the number of cycles in the breakpoint graph
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(B1)  split reversal
(A1) (A2)

(B2) joint reversal

(B3) neutral reversal

Figure 2.4: The e ects of a reversal over the breakpoint grap. We may assign a direction to each black edge,
by an arbitrary tour in each cycle of the graph. The images Al ad A2 illustrate how a reversal a ects the
topology of the graph. The point A,B (respectively A,-C) app ears before the point C,D (respectively -B,D) in the
considered permutations. Observe that, with respect to thetopology, only the two black edges that correspond
to the extremities of the reversal are modi ed. All the other edges in paths that alternate gray and black
edges remain unchanged, although the vertices that are betaen B and C in the permutation must have their
corresponding values inversed. (A1) The two cycles on the o are joined by a reversal whose extremities are in
the represented black edges. Inversely, the unique cycle ahe botton is split by a reversal whose extremities
are in the represented black edges, that have opposite dirdons. (A2) The number of cycles in the graph is
not changed by a reversal whose extremities are in black edgen the same cycle, with the same direction. The
images B1, B2 and B3 show the e ects over the breakpoint graph represented in the standard form. (B1) Split
reversal: a reversal whose extremities are in black edges the same cycle and opposite directions may break
the cycle in two. (B2) Joint reversal: A reversal whose extrenities are in black edges in di erent cycles may
join the two cycles in one (independently of the directions @ the black edges). (B3) Neutral reversal: a reversal
whose extremities are in black edges in the same cycle and sardirections does not change the number of cycles
in the graph.

by one).

An unoriented component that does not separate two other unoiented components is called éhurdle. We
represent byhrd( ) the number of hurdles in a breakpoint graph . Since a hurdle does not separate unoriented
components, each hurdleX can be eliminated either by a cut reversal whose extremitiesare in points of the
same cycle ofX (Figure 2.6 (A)), or together with another hurdle Z by a merge reversal whose extremities are
in a point of X and a point of Z (Figure 2.6 (B)). A cut reversal eliminates one hurdle and des not change
the number of cycles in the graph, while a merge reversal elimates two hurdles at once, and decreases the
number of cycles in the graph by one. Thus, each hurdle requés one additional reversal and we can improve the
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(A (B)

Figure 2.5: (A) A breakpoint graph in which we cannot perform a split reversal. (B) A breakpoint graph with
an oriented and an unoriented component.

(A) cut reversal (B) merge reversal

Figure 2.6: (A) A cut reversal transforms an unoriented into an oriented component and does not change the
number of cycles in the breakpoint graph (it is a neutral revasal). (B) The unoriented component Y separates
the unoriented components X and Z. A merge reversal regroupthe unoriented components X, Y and Z into one
oriented component and decreases the number of cycles in theeakpoint graph of one (it is a joint reversal).

distance formulatod( ) pts( ) cyd )+ hrd( ). We say that a hurdle Z protects an unoriented component
Y that is not a hurdle, if Y becomes a hurdle after the elimination ofZ by a cut reversal. In this case, the
hurdle Z is called super-hurdle Eliminating a super-hurdle by a cut-reversal does not decease the number of
hurdles in the graph (Figure 2.7), consequently a super-hutle may always be eliminated together with another
super-hurdle by a merge reversal, that will regroup the two siper-hurdles and their corresponding protected
unoriented components into one oriented component (Figure2.6 (B)).

It remains only one particular case to complete the reversatlistance formula. When all the i hurdles of
a breakpoint graph are super-hurdles and is an odd number, the permutation requires an additional e ort to
be sorted. A breakpoint graph with this characteristic is cdled a fortress. One additional reversal is su cient
to eliminate the fortress (this reversal may be chosen amongeveral possibilities, for example a cut reversal to
eliminate a hurdle, or a merge reversal regrouping two hurdés). We denote byfrt ( ) a value that indicates
whether the breakpoint graph is a fortress or not. Thus, if is a fortress, thenfrt ( ) = 1, otherwise
frt ( )=0.

Table 2.1 summarizes the e ects of a reversal that is part of a optimal sorting sequence in a breakpoint
graph. The nal formula for the reversal distance is:

d( )=pts( ) cyd )+ hrd( )+ frt ()

Remember thatif =( 1; 2;:::; n 1, n) IS a linear permutation, then pts( ) = n + 1. Otherwise
is a circular permutation and pts( ) = n.
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Figure 2.7: The unoriented component Y separates the supehnurdles X and Z. After eliminating the super-
hurdle Z by a cut reversal, the component Y becomes a hurdle,hus the number of hurdles in this graph is not
reduced after applying this cut reversal.

Figure 2.8: A fortress with 3 super-hurdles (X, Y and Z).

Reversal Type oye () hd () ()
split split +1 0 n/A

hurdle cut neutral 0 1 n/A
hurdle merge joint 1 2 n/A
fortress elim by  neutral 0 0 1

unor. comp. cut

fortress elim by  joint 1 1 1
unor. comp. &
hurdle merge

Table 2.1: The e ects of a reversal that is part of an optimal sorting sequence in a breakpoint graph. The
columns ¢y, nd() and ¢ () give, respectively, the variation in the number of cycles, hurdles and
fortress of a permutation after applying each reversal.

2.1.3 Safe and unsafe reversals

If a breakpoint graph does not have unoriented components,tican be sorted with split reversals only. However,
if we take no caution to select a split reversal, it may causetie production of new hurdles, which is an undesirable
side e ect (Figure 2.9 (A)). A split reversal that produces hurdles is calledunsafe reversal while a split reversal
that does not produce hurdles is calledsafe reversal(Figure 2.9 (B)). Fortunately, it has been proven that, for
any oriented component, there is always one safe reversalqB

Hurdles are very rare, and fortresses are even more rare in pautations that represent real genomes [7].
In practice, split reversals are su cient to sort the majori ty of the permutations, and the main challenge is to
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(A) unsafe reversal (B) safe reversal

Figure 2.9: (A) An unsafe reversal breaks a cycle in two, but ceates three unoriented component (X, Y and 2Z).
(B) Alternatively, a safe reversal breaks a cycle in two without creating unoriented components.

nd safe reversals. A simple way to do that is testing each spt reversal to verify whether it is safe or not, until
nding a safe reversal. However, there are faster ways to sett a safe reversal, and one approach is based on
another structure related to the breakpoint graph, that is called overlap graph(see more details in [29]).

2.1.4 Sorting a signed permutation

With the approach described in this chapter, we can obtain a pocedure to sort a permutation by reversals
(Algorithm 1).

Algorithm 1 Sorting a signed permutation
Input: A signed permutation
Output:  An optimal sequence of reversals sorting

construct the breakpoint graph of
s [s is an empty sequence in the beginning]
if frt ( )=1 then

choose a reversal to eliminate the fortress

s s [concatenates the reversal to s]

end if

while there is a pair of super-hurdles X and Y in do
choose a merge reversal to eliminate X and Y

s s [concatenates the reversal to s]
end while
while there is a hurdle Z in do

choose a cut reversal to eliminate Z

s s [concatenates the reversal to s]
end while
while is not sorted do

choose a safe split reversal to

s s [concatenates the reversal to s]
end while
return s [sis an optimal sorting sequence for ]

The theoretical complexity of Algorithm 1 is O(n®), where n is the size of the input permutation [38].
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Further studies improved this theoretical complexity and currently the fastest algorithm to nd an optimal
sorting sequence is subquadratic [9, 24, 44], while the rexgal distance can be computed inO(n) time [2].

2.1.5 The symmetry of sorting by reversals

For any sequence of reversals= 1 ,::: 4 1 ¢ Sorting a permutation into a permutation 1, we de ne the
inverse ofs asinv(s) = 4 4 1::: 2 1. Observe that the sequencenv (s) sorts 1 into , and, consequently,
each optimal sequence sorting into 1 has an equivalent optimal sequence sorting t into . If we go back
to Figure 2.1, in which the reversal distance between the twogenomes is 4, for instance, we see that, while
the optimal sequences = f1;2;4gf1; 3; 4gf2; 3; 49f 3g sorts genomeA into genome B, the optimal sequence
inv (s) = f3gf2;3;4gf1; 3;49f1; 2; 4g sorts genomeB into genomeA. Due to this, the approach of sorting one
genome into another by reversals is said to be symmetric.

2.1.6 Component-speci c reversals

A merge reversal joins cycles, and, since it only appears inpimal sequences for eliminating hurdles or the
fortress, it merges components. In contrast, a split or a netral reversal is always internal to a component, and
does not change the properties of the other components in thereakpoint graph.

Proposition 1 Applying a split or neutral reversal in a permutation does not change the components of
that do not contain the extremities of (see proof in Appendix A).

Due to this, if a permutation  can be sorted with split and neutral reversals only, then thecomponents of
can be sorted independently. A breakpoint graph that does nbcontain super-hurdles can be sorted with split
and neutral reversals only, thus the components of this kindof breakpoint graph can be sorted independently.

Sorting oriented components independently is a topic that ras been studied in several works on the
sorting by reversals problem (see for instance [9]).

2.2 The space of all optimal sorting sequences

As we saw in the previous section, when duplications are notllowed, computing the reversal distance between
two genomes and nding an optimal sequence of reversals thasort a genome into another can be solved in
polynomial time [25, 26]. However, there are several di erat optimal sorting sequences. Considering the per-
mutation ( 12,11, 10;6;13 5;2,7;8; 9;3;4,;1), for example, the number of sorting sequences is; 278 540,
and it can be insu cient when attempting a biological interp retation to know only one among them.

Alternatively to all the studies that give only one sequenceamong possibly many, Siepel [40] proposed
an algorithm that allows the enumeration of all sorting seguences. The space of all optimal sequences sorting
a permutation into a permutation 1 is de ned as the setS = f s s is an optimal sequence sorting into

T

2.2.1 The symmetry of the space of sorting sequences

Since the sorting by reversals is a symmetric approach, theasne is valid for the space of sorting sequences.
Recall that, for any sequence of reversals = 1 ,::: 4 1 ¢ sorting a permutation into a permutation 1,
we de ned the inverse ofs asinv(s)= 4 ¢ 1::: 2 1. Observe that the sequencenv (s) sorts 1 into , and,
consequently, each sequence sorting into 1 has an equivalent sequence sortingt into
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Let S be the set of all optimal sequences sorting into 1. We de ne the inverse of S asinv(S) =
finv(s)js2Sag.

Proposition 2 The setS contains all optimal sequences sorting into 1, if, and only if, inv(S) is the set of
all optimal sequences sorting 1 into  (see proof in Appendix A).

Due to Proposition 2, we can say that enumerating the optimalsequences that sort into 7 is equivalent
to enumerating the optimal sequences that sort 1 into

2.2.2 An algorithm to enumerate all sorting sequences

The space of all sorting sequences can be generated thanks @ao algorithm proposed by Siepel [40]. Given a

permutation , the algorithm of Siepel [40] computes all optimal 1 sequences for. Considering the permutation
=( 3,21, 4), for example, the possible 1 sequences ard 1g, f1;2;3g, f1;2;4g, f2g, f3g and f4g. This

algorithm has complexity O(n®) and results in O(n?) reversals, wheren is the size of the input permutation.

With this algorithm, we can obtain the set of all optimal sort ing sequences for a given permutation .
The sorting sequences can be constructed iteratively, so #t, at a step i, for each optimal (i 1) sequence
s previously computed we run the algorithm of Siepel [40] to nd all optimal 1 sequences for s and
concatenate each returned 1 sequence to the sequences, constructing ani sequences . In other words, the
set ofi sequences is computed from the set of optimali( 1) sequences by iterating the algorithm for nding
all 1 sequences. This iterative procedure is described in Algahim 2.

Algorithm 2 Enumerating all optimal sorting sequences for a permutatian
Input: A signed permutation
Output:  The set of all sequences of reversals sorting

d reversal distance of
R f j isanoptimal 1 sequence for g [Siepel [40]]
S R
for each integer i from 2 to d do
s° ; [contains the i sequences]
foreach sinS [sisan(i 1) sequence] do
0 s [apply the (i 1) sequencesto ]

R f j isanoptimal 1 sequence for % [Siepel [40]]
for each reversal 2R do
s s [concatenate at the end of sequences]
insert s%in S° [s’is ani sequence]
end for
end for
s s?
end for

return S [Sis the nal set of d sequences]

Theoretical complexity of Algorithm 2.  The algorithm has time complexity O(n?"*3) (see proof in Appendix A).

If = ( 32,1, 4), running Algorithm 2 for the permutation will result in 28 optimal sorting
sequences (Table 2.2).

With this method we can explore the solution space of sortinga genome into another by reversals.
Nevertheless the list of all sorting sequences is usually lye, thus enumerating all is almost as useless as giving
only one of them. Table 2.3 shows, by several examples, how ¢hnumber of sorting sequences may increase as
the reversal distance between the considered genome incisss.
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01. f 1gf 1; 2; 3gf 2gf 49 11. f1; 2; 3gf 4gf 1gf 2g 21. f 4gf 1; 2; 3gf 1gf 29
02. f 1gf 1; 2; 3gf 4gf 29 12. f 1; 2; 39f 49f 2gf 1g 22. f 4gf 1; 2; 3gf 2gf 1g
03. f 1gf 29f 1; 2; 3gf 49 13. f 29f 19f 1; 2; 3gf 49 23. f 4gf 2gf 19f 1; 2; 3g
04. f 1gf 29f 49f 1; 2; 3g 14. f 2gf 1gf 49f 1; 2; 39 24. f 4gf 29f 1; 2; 3gf 19
05. f 1gf 49f 1; 2; 3gf 29 15. f 2gf 1; 2; 3gf 1gf 49 25. f1; 2; 49f 1; 3; 49f 2; 3; 49f 3g
06. f 1gf 49f 2gf 1; 2; 39 16. f 2gf 1; 2; 3gf 4gf 1g 26. f1;2; 49f 1; 3; 49f 39f 2; 3; 49
07. f 1; 2; 3gf 1gf 2gf 49 17. f 29f 49f 19f 1; 2; 3g 27. f1;2; 49f 39f 1; 3; 49f 2; 3; 49
08. f 1; 2; 3gf 19f 4gf 29 18. f 29f 49f 1, 2; 3gf 1g 28. f39f 1; 2; 49f 1; 3; 49f 2; 3; 49
09. f1; 2; 3gf 2gf 19f 49 19. f 4gf 19f 1; 2; 3gf 29
10. f1; 2; 3gf 2gf 49f 1g 20. f 4gf 19f 29f 1; 2; 39
Table 2.2: The 28 optimal sequences of reversals sorting @;2;1;, 4).

Permutation ( ) N m d( ) Ns
A=( 321 4 4 4 28
B =( 41, 36 7 52 7 6 204
c=( 657 1, 432 7 6 496
p =( 4; 3;12; 11; 8;10;9;7; 6; 5;2; 1) 12 8 31; 752
E=( 4312; 11, 8;10;9;7, 6; 5;2; 1) 12 9 407 ; 232
F =( 12;11; 10;6;13; 5;2;7;8; 9;3;4;1) 13 10 8;278; 540
¢ =( 12;11; 10; 1;16; 4; 3;15; 14;9; 8; 7, 2; 13;5; 6) 16 12 505 ; 634; 256
w =( 12;11; 10;6; 5;13;2;7;8; 9;14; 15;3;4; 16;1) 16 13 40; 313; 272; 766

Table 2.3: Examples of permutations, their sizes, their reersal distances and their number of optimal sorting
sequences.

2.3 Traces

In the previous section we saw that the enumeration of all opimal sequences of reversals that sort a genome into
another can be done thanks to an algorithm given by Siepel [40 However, as the list of all sorting sequences is
usually huge, enumerating all is almost as useless as giviranly one of them. Bergeronet al. [7] then observed
that many sorting sequences are equivalent and might be grqued in equivalence classes. This approach can
reduce considerably the universe of sequences to be handled

Intuitively, all optimal sorting sequences in the same equvalence class are composed by the same re-
versals, but applied in di erent orders. The 28 sequences tht sort the permutation A =( 3;2;1; 4), for
example, can be grouped in two classes of equivalence, onettw4 and the other with 4 sequences (Table 2.4).

Class 1:
01. f 19f 1; 2; 3gf 2gf 49 09. f 1; 2; 3gf 29f 1gf 49 17. f 29f 49f 19f 1; 2; 3g
02. f 19f 1; 2; 3gf 4gf 29 10. f 1; 2; 3gf 29f 4gf 1g 18. f 29f 49f 1, 2; 3gf 1g
03. f 1gf 29f 1; 2; 3gf 49 11. f1; 2; 3gf 4gf 19f 29 19. f 4gf 19f 1; 2; 3gf 29
04. f 1gf 29f 49f 1; 2; 39 12. f1; 2; 3gf 4gf 2gf 1g 20. f 4gf 19f 29f 1; 2; 39
05. f 1gf 49f 1; 2; 3gf 29 13. f 2gf 19f 1; 2; 3gf 49 21. f 4gf 1; 2; 3gf 1gf 29
06. f 19f 49f 29f 1; 2; 3g 14. f 29f 19f 49f 1; 2; 39 22. f 4gf 1; 2; 3gf 2gf 1g
07. f 1; 2; 3gf 1gf 2gf 49 15. f 29f 1; 2; 3gf 1gf 49 23. f 4gf 29f 19f 1; 2; 3g
08. f1; 2; 3gf 1gf 4gf 29 16. f 2gf 1; 2; 3gf 49f 1g 24. f 4gf 29f 1; 2; 3gf 19
Class 2:
01. f1;2; 49f 1; 3; 49f 2; 3; 49f 39 03. f1; 2; 49f 39f 1; 3; 49f 2; 3; 49
02. f1;2; 49f 1; 3; 49f 39f 2; 3; 49 04. f 3gf 1; 2; 49f 1, 3; 49f 2; 3; 49

Table 2.4: The two equivalence classes of optimal sequencetreversals sorting ( 3;2;1; 4).

To formalize the equivalence relation of these classes, wesad to introduce the concept ofcommutation.
Two intervals (or reversals) are said tooverlap if they intersect but none is contained in the other. For exanple,
in the permutation ( 3;2;1; 4), the intervals f2;3g and f1; 2; 4g overlap, while f2;3g and f 1;2; 3g do not.
Let s= 1 2::: i 1 i+1 i+2 ::: 4 be a valid sequence of reversals for a permutation, and ; and .1
be two non-overlapping reversals that appear consecutivglin s. As ; and ;+; do not overlap, then .
is an interval of 1 217 i 1 and ; is an interval of 12::0 i 1 i+, that is, the sequences® =
1 200 i 1+l i i+2 .. d, which is obtained replacing i i+1 by i+1 i in s, is also a valid sequence of
reversals for . The operation of inverting the order of two consecutive noroverlapping reversals ; and .1
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in a sequence of reversals is called commutation of ; and .1 .

Two sequences are said to bequivalentif one can be obtained from another by a sequence of commuta-
tions of non-overlapping reversals. An equivalence class optimal sequences of reversals under this equivalence
relation is called trace. It is easy to see that all the sequences in a trace have the s@amumber of reversals. We
denote then byi trace a trace ofi sequences.

The concept of traces is well studied in combinatorics, seeof example [21]. It is particularly relevant in
our study because of a result proven in [7], that states that he set of all optimal sequences of reversals sorting
a signed permutation is a union of traces. As a consequencd, the set of sorting sequences is too big to be
enumerated, the set of traces may be a more relevant result fahe problem of sorting by reversals.

Observe that, for a given permutation, all sequences in the ame trace are composed by the same
reversals, but not every pair of sorting sequences composdyy the same reversals are in the same trace. If we
take the permutation =( 4; 3;12 11, 8;10;9;7; 6; 5;2; 1), for instance, we nd two sequences (see
Table 2.5) that sort and are composed by the same reversals. However, one canna@ bbtained by a sequence
of commutations of non-overlapping reversals over the othe thus they are not in the same trace.

f 1; 29f 79f 8; 109gf 1; 5;:::; 11gf 8; 9gf 1; 3;4; 12gf 2;:::; 129f 3;:::; 11g
f2;:::; 129f 79f 8; 109f 1; 3; 4; 129f 8; 9gf 1; 5;:::; 11gf 1;2gf 3;:::; 11g

Table 2.5: Non-equivalent sequences composed by the sameseesals.

2.3.1 The symmetry of traces

For a given trace T of optimal sequences of reversals sorting into 1, we de ne the inverse of T asinv(T) =
finv(s)js2Tg.

Proposition 3  The setT is a trace of optimal sequences of reversals sorting into 1, if, and only if, inv(T)
is a trace of optimal sequences of reversals sortingr into  (see proof in Appendix A).

Let T = f T jT is atrace of optimal sequences sorting into 1 g be the set of all traces sorting into
1. We also de ne the inverse of T asinv(T)= finv(T)jT2T g.

As a consequence of Proposition 3, we can arm thatT is the set of all traces sorting into 1 if, and
only if, inv(T) is the set of all traces sorting t into . Thus, computing the traces from to t is equivalent
to computing the traces from 1 to

2.3.2 Normal form of a trace

A sequences of atraceT is said to be innormal form if it can be decomposed into substringés = u; < <Up®
such that:
every pair of reversals of a substringu; is non-overlapping;

for every reversal of a substring u; (i > 1), there is at least one reversal of the substring u; 1 such
that and overlap;

every substring u; is increasing according to the lexicographic order.

4The \substrings" are all contiguous subsets of the sequence of reversals.
51n the original notation the normal formis s = u1j:::jum, but we prefer to use the symbol = <" instead of "j'.
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A theorem by Cartier and Foata [19] (cited in [7]) states that, for any trace, there is a unique element
that is in normal form. We may therefore represent a trace by ts element in normal form. The two traces of
sequences sorting the permutation = ( 3;2;1; 4), described in Table 2.4, for example, can be represented
by the corresponding normal formsf 1gf 1; 2; 3gf 2gf4g and f 1; 2; 4gf3g < f1;3;4g < f2; 3; 4q.

Given an optimal sorting sequences = ; ,::: ¢ for a permutation  with reversal distance d, the
normal form of the trace T that contains s is constructed by iteratively adding the elements ;, 1 i n,to
the normal form f of the (i 1) trace containing the sequence;::: ; 1. This adding procedure is represented
by f + ; and described by Algorithm 3.

Algorithm 3 Adding an element ; to a normal form f ofan (i 1) trace: f +

Input:  The normal form f = u; <u; < <uyg ofan (i 1) trace and the next element
Output:  The normal form of the i trace containing the sequenceuiuy :::uy i

Let j be the maximum index such that u; contains an element that overlaps with i, or O if such a u; does not exist
if j =k then
Add a new substring uk+1 [
else
Add ; to the substring uj+1 , according to the lexicographic order
end if

Theoretical complexity of Algorithm 3.  The procedure has complexityO(n? logn) (see proof in Appendix A).

2.3.3 Computing traces by enumerating all sorting sequence S

An algorithm to enumerate all the traces can be derived from he algorithm that enumerates all the optimal
sorting sequences. For each sequence, we may simply computee associated trace and add it to the list of
found traces if it is not already in it (Algorithm 4).

Algorithm 4  Enumerating all optimal sorting sequences and computing taces
Input: A signed permutation
Output:  The normal form and counter ( f; c) of each trace of optimal sequences of reversals sorting

d reversal distance of
S all optimal sorting d sequences for  [Algorithm 2]
T ; [contains the d traces]
foreach sin S [sis asorting d sequence] do
fs [to construct the normal form of s]
foreach jins= 1 2::: gdo
fs fs+ ;  [Algorithm 3]
end for
if thereis (f;c) 2T such that fs = f then
¢ c+1 [update the counter of the d trace repr. by f]
else
insert (fs;1) in T [(fs;1) represent ad trace]
end if
end for
return T [T is the nal set of d traces]

Theoretical complexity of Algorithm 4.  The algorithm has time complexity O(n?"*3 logn) (see proof in Ap-
pendix A).

The upper bound on the theoretical complexity of Algorithm 4 does not give hope that this method can
be applied to big permutations. We shall actually see in pratice that it is intractable for permutations  above
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around d( ) = 10.

2.3.4 An algorithm to directly enumerate the traces

Bergeronet al. [7] provided no algorithmic insight for enumerating directly the traces, without enumerating all
sorting sequences. The authors stated as an open problem trmplexity of giving one element in each trace.
Then Braga et al. [15] provided an algorithm to directly enumerate all the classes of equivalent sorting sequences
and to count the number of sequences in each class, without emerating all the sequences.

The idea of the algorithm to enumerate the traces is almost n&urally contained in the following notions.
First notice that for any integer k from 1 to d( ), if s and s® are two equivalent optimal k sequences for (that
is, s can be obtained fromsP by a sequence of commutations of non-overlapping reversalshen s= s0
The equivalence class that contains the sequencesand s° is called ak trace. Observe that all sequences in
an k tracet are pre xes of at least one traceT of optimal sorting sequences for . Thus, t is said to be a
k prex of T. In other words, we can say that ak tracetisak prexofan i traceT (k i) if and only
if eachk sequence of is ak prex of at least one i sequence ofl. In addition, observe that the number of
sequences in an trace is the sum of the number of sequences in itsi( 1) pre xes (see Figure 2.10).

Figure 2.10: Decomposing a 4-trace in its pre xes.
We may construct all i traces simultaneously in an incremental way, without geneating all the sorting

sequences. With no additive cost, we also compute the numbesf sequences in each trace. The method is
detailed in Algorithm 5.

Theorem 1 At the end of Algorithm 5, T contains, for every trace T of optimal sequences for sorting , one
element of T (the normal form) and the number of sequences ifT (see proof in Appendix A).

Figure 2.11 illustrates an execution of our algorithm for the permutation =( 3;2;1; 4).
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Algorithm 5 Enumerating all the traces of a sighed permutation

Input: A signed permutation
Output:  The normal form and counter ( f; c) of each trace of optimal sequences of reversals sorting

d reversal distance of
LI
S f j isanoptimal 1 sequence for g [Siepel [40]]
for each reversal 2 S do
insert (; 1) in T [each rstreversal isa 1 trace]

end for
for each integer i from 2 to d do
TO [contains the normal forms/sizes of all the i traces]

for each (f;c)in T [(f;c) representsan (i 1) trace] do
f f [apply the (i 1) sequencef to ]
S f jJ isanoptimal 1 sequence for ;g [Siepel [40]]
for each reversal 2 S do
f f+ [Algorithm 3]
if thereis (f%c% 2T %such that %= f then

&® &+ s [upd. the counter of the i trace repr. by 9
else
insert (f ;c)in T® [(f ;c) represent ani trace]
end if
end for
end for
T T1T°9O

end for
return T [T is the nal set of d traces]

Theoretical complexity of Algorithm 5. The algorithm has time complexity O(Nnkme *4) where N is the
number of d traces andkmax is the maximum width of a d trace (see de nition of trace width and complete
proof in Appendix A).

2.3.5 Component-speci c reversals and trace composition

If a permutation  has two or more unoriented components, the space of sortingegiuences for may contain
sequences that have at least one merge reversal, to merge twmoriented components of . However, when a
permutation has at most one unoriented component, no optimal sorting segence contains a merge reversal.

Proposition 4 If a permutation  has at most one unoriented component, no optimal sequence rsag
contains a merge reversal (see proof in Appendix A).

Thus, if a permutation  has ¢ non-trivial components and at leastc 1 oriented components, each
optimal sequences sorting has only split and neutral reversals. Since each split or newal reversal a ects one
single component of (Proposition 1), each optimal sequences sorting can be partitioned in ¢ subsequences
such that the length of s is the sum of the lengths of itsc subsequences and each subsequence contains only
reversals that are internal to one non-trivial component of

Proposition 5 Let be a permutation with ¢ non-trivial components and at most one unoriented componet
Each optimal sequences sorting can be partitioned in ¢ subsequencess, s, ..., Sc, wherejsj = jsij + jsj +

6 A \subsequence" of a sequence s is obtained by eliminating some of the elements (here revers als) of s while preserving the order
of the remaining elements.
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Figure 2.11: Constructing all the traces for the permutation = ( 3;2;1; 4). In this example, the set of
pre xes of the nal trace f1gf1;2;3gf2gfdg is disjoint of the set the pre xes of the nal trace f1;2;4gf3g <
f1;3;4g< f2;3;4g. This does not correspond to the general case ( nal traces uslly share pre xes).

;11 + js¢j and eachs; contains only reversals that are internal to thei®™ non-trivial component of  (see proof
in Appendix A).

Observe that each reversal in a subsequenag that sorts the i component commutes with each reversal
in a subsequences;, that sorts the | component, thus we say that the subsequences; and s; commute

For example, the permutation = ( 4; 3;12, 11, 8;10;9;7; 6; 5;2; 1) has two non-trivial ori-
ented components, as we can see in Figure 2.12. We c&lh the rst oriented component, which contains the
points (black edges) that are before 4, after 1 and between the values ( 3;12), (12, 11), ( 5;2), (2; 1).
The second oriented component is thus calle€, and contains the points that are between the values ( 11, 8),
( 810), (10;9), (9;7) and (7; 6). The points between the values ( 4; 3) and ( 6; 5) are adjacencies.
One optimal sorting sequence for is s = f1;2gf8;10gf2gf12gf 7gf1;2;5;6;:::;11; 12gf 1; 2; 3; 4gf 8; 9g, that
can be partitioned in two subsequences; = f1;2gf2gf12gf1;2;5;6;:::;11; 129f1; 2; 3; 49, that sorts C,, and
s, = £8;10gf 7gf 8; 9g, that sorts C,. It is easy to see thats; commutes with s,. The set of all traces sorting
is represented in Table 2.6.

Let be a permutation with ¢ non-trivial components and at leastc 1 oriented components. Since each
sequence sorting thé™ component commutes with each sequence sorting the" component of , we can group
all sequences that sort one component of in a set of traces. We denote byT; the set of all traces of sequences
sorting the i component of a permutation . Table 2.7 represents, for instance, the sets of trace$; and T
that sort respectively the componentsC; and C, of the permutation ( 4; 3;12; 11; 8;10;,9;7; 6; 5;2; 1)
(illustrated in Figure 2.12).

Let T; 2 T; be a trace of optimal sequences sorting thé" component of and T; 2 T; be a trace of
optimal sorting sequences sorting thg ™ component of . We know that each sequence ifl; commutes with
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Figure 2.12: The breakpoint graph of the permutation ( 4; 3;12 11; 8;10;9;7, 6; 5;2; 1) with two
oriented components.

Trace  Trace normal form # seq.
1. f = f1;29f 1;2;5;:::; 129f 2gf 7gf 8; 10gf 12g < f 1; 2; 3; 4gf 8; 9g 10; 080

2. f = f1;:::; 129f 29f 3; 4; 129f 5;:::; 11gf 79f 8;10g < f 3;:::; 11gf 8;9g 10; 080

3. f =1f1;:::; 129f 2;:::; 129f 2;5;:::; 12gf 7gf 8; 10gf 12g < f 2; 3; 4gf 8; 9g 10; 080

4 f = f1;,29f 79f8;10g < f1;5;:::; 119f8;9g < f1;3;4;12g < f2;:::; 129f 3;:::; 11g 336

5. f =12;:::; 129f 79f 8;10g < f1; 3;4;12gf8;9g9 < f1;5;:::; 11g< f1;29f3;:::; 11g 336

6. f =12;5;:::; 129f 5;:::; 119f 7gf 8, 10g < f1;129f8;9g < f1;5;:::; 11g < f1;2;3;4g 840
Total 31; 752

Table 2.6: The 31 752 optimal sequences of reversals for sorting @; 3;12, 11, 8;10;9;7; 6; 5;2; 1)are
distributed in 6 traces. Each trace is represented by its nomal form. The third column indicates the number
of sequences in each trace.

each sequence ifj, thus we say that the tracesT; and T; commute. We denote by T;  T; the multiplication of
two traces T; and Tj, de ned as the set of all sequences that are the result of all pssible combinations of each
sequence inT; with each sequence iril;. Observe that T; T, is equivalentto T;  T;. We denote byjjT;jj the
number of sequences in a tracd;, and by "; the length of each sequence of a trac®; (all sequences in all traces
of T; have the same length';). Then the number of sequences ifT; T corresponds tojjTijj jj T;ji M (Ci; ).
where M (7i; ;) is the number of possible ways to merge a sequence of length with a sequence of length’j,
such that the merged sequences are subsequences of all réagl sequences (it is easy to see thaM (*i; ) is
equivalent to M (7j; "i)). The normal form of the trace T; T; can be obtained by adding each reversal in the
normal form of T; to the normal form of T; with Algorithm 3.

For example, ifs; = ;1 2 ands; = 1 2, then all possible ways of mergings; and s, are the 6 sequences
1212, 1122, 1122 1122, 1122,and 121 2. Thus,thenumberM(Z;Z)isequalt06.
Moreover, consider the traceT; = 1 » and the trace T, = 1 < . SinceT; has 2 sequences ¢ >, and 3 j)
and T, has only one sequence { »), the number of sequences iy T, corresponds tojj T1jj jj T2ji M (2;2) =
2 1 6=12. If we suppose that ; is lexicographically higher than ;1 and », then the normal form of T; T
IS 1 21< 2.

We also denote byT; T ; the multiplication of two sets of traces T; and T;, that sort respectively the
i" and the j components of ,suchthat Ty T;=fT; T;jTi2T;and T; 2T; g. If a permutation  has
at most one non-trivial unoriented component, the set of traces of optimal sequences sorting can be obtained
by the subsequent multiplication of the sets of traces sortig its components.

Proposition 6 Let be a permutation with ¢ non-trivial components and at most one non-trivial unoriented
component. If T is the set of all traces sorting ,thenT =T; T, ::: T 1 T ¢ (see proof in Appendix A).
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Component  Cj

Trace  Trace normal form # seq.
Cci f = f1;29f1;2;5;:::; 12gf 2gf 12g < 1, 2; 3; 49 60
c2 f = f1;:::; 129f 29f 3; 4;129f 5;:::; 11g < 3;:::; 11g 60
c? fo=f1;:::; 129f 250005 129f 2; 5;::0; 129f 129 < £2;3;4g 60
cs f =fl;29< f1;5;:::; 11g< f1;3;4;12g < f2;:::; 129f 3;:::; 11g 2
c} f =1f2;:::;129< f1;3;4;12g < f1;5;:::; 11g< f1;29f 3;:::; 11g 2
Cf f =1f2;5;:::; 129f5;:::; 11g< f1;12g< f1;5;:::; 11g< f1;2;3;4g 5
Total 189

Component  C;

Trace  Trace normal form # seq.
C; f = f7gf8;10g < f8;9g 3
Total 3

Table 2.7: The traces of optimal sequences of reversals foosding the componentsC; and C, of the permutation
( 4 312 11, 8;10,9;7, 6; 5;2; 1). Each trace is represented by its normal form. The third cdumn
indicates the number of sequences in each trace.

Table 2.8 shows the multiplication of the sets of traces soiihg the componentsC; and C, of the permu-
tation =( 4; 3;12 11, 8;10,9;7; 6; 5;2; 1)to generate all the traces sorting

Trace  Trace composition and normal form # seq.
C; Cp f7dfs; 1Og<fsggflzgf125 ----- ; 12gf 2g9f 12g < 1;2; 3;4g 3 60=10;080
f = f1;29gf1;2;5;:::; 129f 2gf 79f 8; 1ng12g<f1234gf8 9g (3 60 M(3;5)
C21 Cl2 f7gf8 109< 8,99 f 1;:::; 129f29f3 4;129gf5;:::; 1lg< f3;:::; 119 3 60=10;080
f = f1;:::; 129f 297 3; 4; 12gf 5::::; 11gf 7gf 8;10g < f3;:::; 11gf 8 9g (3 60 M(3;5)
c; C3 frgfs; lOg<f8 9g f o1 1zgf2 ----- ; 12gf 2;5;:::; 12gf 12g < f2;3;4g 3 60=10;080
f=f1;:::; 129f 2;:::; 12gF 2,5;:::; 12gf 7gf 8; 10gf 12g < f 2; 3; 4gf 8; 9g (3 60 M(3;5)
c; cf f7gf81Og<f899f129<f15 ----- 1lg<f134lzg<f2 ----- lng3 ----- ; 119 3 2=336
f = f1;2gf 7gf 8;10g < f1;5::::; 11gf8:9g < f1:3:4;12g < £2;:::; 12gf 3::::: 11g 3 2 M(3;5)
c; C} f7gfslog<fsggf2 ----- 129<f134lzg<f15"':;llg<legf3 ----- 11g 3 2=336
f = f2;:::; 129f 79f 8; 10g<f13412gf8 9g< f1;5;:::; 11g< f1;20f3;:::; 119 3 2 M(3;5)
c; c$ f7gf810g<fsggf25 ----- p129f 50 11g<fllZg<f15 ----- ;11g< £1;2;3;4g 3 5=840
f = f2;5:::; 12gf5;:::; 11gf 7gf 8;10g < f1; 12gf 8;9g < f1;5;:::; 11g < f1;2; 3; 4g (3 5 M(@3;5)
Total 31; 752

(567 M (3;5))

Table 2.8: Obtaining the traces of sequences of reversals rfo sorting the permutation
( 4 312 11, 8;10,9;7, 6; 5;2; 1) by the composition approach. The value M (3;5) is equal to
56.

When we compute directly the traces that sort a permutation , the traces of each component of are
computed several times. In contrast, when we compute and mtibly the traces of the components to obtain
the traces that sort a permutation , the traces of each component are computed once. Thus, compung and
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multiplying the traces of the components to obtain the traces that sort a permutation may be more e cient
than computing directly the traces, and this is con rmed by t he experimental results, as we will see in the next
section.

2.3.6 Implementation and performance

The implementation of our algorithm to generate directly the traces is part of the baobabLuna package. We
run several tests on arti cial permutations to evaluate the algorithm's performance. Some results are recorded
in Table 2.9. These numbers may be useful to give an idea of thquantities that we are dealing with, given by
the numbers of sorting sequences and number of traces.

PERMUT. N c Ns Nt Algorithm Execution time
E enum seq. ' 13.5 min
n =12 2 8 ;278; 540 2;151 enum+traces ' 30.1 min
d=10 1+9) (827 ;854 M (1;9)) traces ' 27 sec
traceCompos ' 13 sec
G enum seq. ' 16 h
n =16 2 505 ; 634; 256 21;902 enum+traces ' 435 h
d=12 (1+11) (42 ;136;188 M (1;11)) traces ' 7.3 min
traceCompos ' 3.2 min
H enum seq.
n =16 2 40 ; 313; 272; 766 567;524  enum+traces -
d=13 (1+12) (3 ;101;020;982 M (1;12)) traces ' 4.1 hours
traceCompos ' 1.7 hours

Table 2.9: Computation results (1). Columns from left to right contain: 1- the permutation, its number of
elements and reversal distance; 2- the number of componentnd how the reversal distance is divided between
components; 3- the number of sorting sequences (in parents&s the number of sorting sequences computed
by traceCompos); 4- the number of traces; 5- the algorithm (num seqis the algorithm that enumerates
all the sorting sequencesgegnum-+traces is the algorithm that computes the traces by enumerating all sorting
sequencestraces is Algorithm 5, that enumerates directly the traces, traceCompos is the algorithm that
composes a trace of a permutation by multiplying the traces of the components of ); 6- the execution
time of each algorithm. The three analyzed permutations are ¢ = ( 12,11, 10;6;13; 5;2;7;8;, 9;3;4;1),
c = ( 1211, 10, 1;16; 4, 3;15 149, 8; 7; 2; 135, 6), and nally the permutaton 4 =
( 12,11, 10,6; 5;13,2,7;8;, 9;14; 15/3;4; 16;1), that can not be processed by the algorithmsenumand
enum+traces due to its huge number of sorting sequences. All algorithms i@ implemented as part of the
baobablLuna package. Experiments were made on a 64 bit personal computavith two 3GHz CPUs and 2GB
of RAM.

Even if we are quickly limited in the size of the permutations that it is possible to treat, there is a solid
gain in relation to the previous existing methods. Observe hat the main limit concerns the amount of memory
that needs to be used, more than the time. In the next sectionwe present a method to deal with this problem
that consists in pruning the sequences of reversals accordj to some biological constraints.

2.3.7 Final remarks

In this section we presented the method previously proposethy Siepel [40] to generate the space of all sorting
sequences for a given permutation . Then we presented the algorithm developed by Bragaet al. to generate
directly a more compact representation of the space of all sting sequences, in which the sequences are grouped

Since fortresses are very rare in permutations that represe nt real genomes, the implementation of the algorithm does no t deal
with fortresses.
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in equivalence classes called traces, using a model previy proposed by Bergeronet al. [7]. We showed that
the theoretical complexity of this algorithm is exponential on the width (represented by k), that is a property
of the resulting traces.

The algorithm was implemented, integrated to baobabLuna , and the experimental results show that
the number of traces is considerably smaller than the numberof sorting sequences. Consequently, computing
directly the traces runs considerably faster than computirg all sequences. However, the number of traces may
be still too big for being interpreted, and in some cases, todig for being computed. Indeed, we veri ed that
currently we are unable to compute traces for permutations vith a reversal distance of about 20 or higher.
Nevertheless, for small reversal distances, which is the ea of a permutation analyzed by Ros®t al. [39] in the
study of the evolution of human sexual chromosomes X and Y, ah of the permutations analyzed by Blanc et
al. [10] in the study of the evolution of Rickettsia bacteria, as we will see in the next chapter, our program may
give a more interesting result than programs that give a unique solution, such asGRIMNH5].

We also showed that, for any permutation that has at most one unoriented component, we can compute
the set of traces that sort each component of independently, and then obtain the traces sorting by multiplying
the traces sorting its components. This approach runs fastethan computing directly the traces.

In the next section we will talk about the use of some biologial constraints in the enumeration of traces,
to reduce the universe of generated traces, that is howeverat compatible with the strategy of constructing
traces by composition.

2.4 Biological constraints and applications

The space of sorting sequences is dramatically reduced whelealing with traces, but it is often still too big and

can not be computed. Even when it can be computed, frequenthyit is too big to be handled by biologists on
large permutations. An idea to try to solve these problems isto add further biological constraints to reduce the
number of traces. In order to be able to also reduce the amountf required memory and push further the limits
of the algorithm, we may check the constraints during the conputation of traces, and not only a posteriori.
We should be able to lter the reversals at each step, selectig only those that are in agreement with the given
constraints.

Several di erent biological constraints were considered.One of these constraints is the list of common
intervals detected between the two initial permutations, that may correspond to the list of clusters of co-
localised genes between the considered genomes - an optingdquence of reversals that does not break the
common intervals may be more realistic than one that does brak [22]. This approach was previously used in
other studies that take common intervals in consideration when sorting by reversals [4, 5, 8, 22]. We used the
common intervals initially detected as a constraint and al© a new variation of this approach, that is the list
of common intervals progressively detected when sorting aapermutation into another by reversals [14]. Other
constraints were de ned according to the practical problens we were interested in. In particular, we are able
to apply a constraint to analyze directly the strati cation process in the evolution of the sexual chromosomes
X and Y in human [15, 33].

All variants of the algorithm to generate traces taking biological constraints in consideration are im-
plemented as part ofbaobabLuna . The experimental results show that the number of traces is onsiderably
reduced when the biological constraints are applied. Congpiently, these variants run faster than the algorithm
that generates all the traces. As mentioned, we applied the mthods to analyze the evolution of sexual chro-
mosomes X and Y, obtaining a better characterization of thisevolutionary scenario than previous studies, that
were based on a single sorting sequence.
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2.4.1 Modeling traces with biological constraints

Besides two signed permutations and v, this method requires a list of compatible g constraints C =
(C1;Cy; 1115 Cy) for selecting the sequences that sort into 1. We search for traces of sorting sequences
that are in agreement with the given constraints. However, fequently only a subset of the sorting sequences of
a trace is in agreement with the constraints inC, and this subset is called aC induced subtrace. The trace
construction remains unchanged, but, as a consequence ofdtselection of the reversals to be performed, we in
fact construct the C induced subtraces, that compute only the sorting sequencethat are in agreement with all
the constraints in C. The result of applying this method is the complete set of norempty C induced subtraces
and their sizes for the two given permutations and a list of canstraints C. Generally we have no guarantee that
a sorting sequence that respects all constraints exists, ths we may have an empty result.

Moreover, frequently the normal form of a trace T is not part of its C induced subtracet. Due to
this, when constructing C induced subtraces, we also give at least one valid represeattve of eachC induced
subtrace t, besides the normal form of the traceT that contains t. A C induced subtracet can be thus
represented by a 2 tuple (e;f), where e is any sorting sequence irt and f is the normal form of the trace T
that contains t.

We analyzed qualitatively how the constraints may a ect the chronology of the reversals, showing that
some of these constraints lead to symmetric (when the resutof sorting a permutation into a permutation
can be obtained from the results of sorting 1 into ) and others lead to asymmetric approaches. Analogously
to the notation used with traces, for a given subtracet of optimal sequences sorting into 1, we de ne the
inverse oft asinv(t) = f inv(s) j s 2t g). A list of constraints C is said to be symmetric when we have a
C induced subtracet sorting into 1 if, and only if, inv (t) is also aC induced subtrace sorting T into
Otherwise, C is said to be asymmetric.

2.4.2 Common intervals

Clusters of co-localised genes are intervals of the genomesmposed by the same genes but not necessarily in
the same order and orientations. These clusters are modeleas common intervals. Thecommon intervals of two
permutations and 1 are the intervals of that are presentin 1. For example, the interval f2;3;:::;7;8g
is common to the permutations =( 5; 2; 7;4; 8;3;6; 1l)andlg=(1;2;3;4,5;6;7;8). The idea behind
common intervals is that, if these genes are together in bottspecies, then probably they were together in the
common ancestor of the two species and were not separated byaution.

A reversal breaks an interval if and overlap. Considering, for instance, the permutation

say that all intervals with size equal to 1 and the interval with size n, that comprises the entire permutation,
are trivial common intervals (observe that a reversal neverbreaks a trivial common interval).

The concept ofirreducible common intervals has been introduced by Heber and Stoye [27]. The authors
observed that any common interval may contain several sma#r common intervals, and de ned asirreducible
common interval a common interval that does not contain any other common inteval dierent from itself.
Then, the authors showed that any common interval between two permutations and 1 has a generating
chain of irreducible intervals ( 1; 2;:::; k), such that the irreducible intervals 1, 2, ..., k are listed in
lexicographic order, and, for each pair of consecutive irrducible intervals ;; j+1, we have j\ .1 6 ;. A
reducible common intervalis a common interval whose generating chain has length at lest two, otherwise the
common interval is irreducible. For example, the generatirg chain of the reducible common intervalf 1; 2; 3g
between the permutations ( 3;2;1; 4) and |4 is (f1;2g;f2;3g) (the common intervals f1;2g and f 2;3g are
irreducible). Testing whether a reversal breaks an irreduible common interval is su cient to determine whether
it breaks a common interval.

Proposition 7 A reversal breaks a reducible interval , if, and only if, breaks at least one irreducible interval
in the chain that generates (see proof in Appendix A).
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As a consequence of Proposition 7, if does not break any irreducible interval between two permutadions

and 1, then does not break any reducible interval between and t as well. While the number of common

intervals is bounded by n?, the number of irreducible common intervals is bounded byn [27], wheren is the
size of the input permutations.

Initial detection of common intervals

Common intervals between genomes have been the topic of seaéstudies [4, 5, 8, 22]. Nevertheless, in the
comparison of two permutations, the detection of common inervals is usually done at the beginning of the
analysis, an approach that we callinitial detection of common intervals. An optimal sequence of reversals sorting
a permutation into 1 that does not break any (irreducible) common interval initi ally detected between
and t is called aperfect sorting sequenceFigure 2.13 shows a non-perfect and a perfect optimal sequees of
reversals.

(A) (B)

Figure 2.13: The permutations ( 5; 2; 7;4; 8;3;6; 1) and (1;2;3;4;5;6;7;8) have only one initially
detected irreducible common interval, which isf2;:::;8g. (A) The reversals f1;3;4;6;7;8q, f3;4;6;8g,

interval, but does not preserve the new common intervals th&appear during the sorting process (such a$ 3; 4g
and f 2; 3g).

We analyze the behaviour of traces with respect to sequenceabat do not break the initially detected
common intervals [15]. First, we remark that either all seqences of a trace do not break common intervals
initially detected, or all sequences of a trace break at legsone common interval initially detected.

Proposition 8 Every trace of optimal sequences for sorting a signed permation by reversals contains either
only perfect sorting sequences or no perfect sorting seques (see proof in Appendix A).

Due to this property, a trace that contains perfect sorting sequences of lengthd( ) is called a perfect
trace (the normal form of a perfect trace is thus a perfect sorting £quence). Such a trace does not always exist:
all optimal sequences may break common intervals (see [22])

In addition, given two permutations and 1, we observe that searching for perfect traces is a symmetric
approach. Indeed, since the list of common intervals do not ltange when the reversals are applied, i is a
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perfect sequence of reversalks that sorts  into t, then inv (s) is a perfect sequence of reversals that sortsr
into

To compute the perfect traces, we need to introduce a few modiations to the original algorithm. We
should rst compute the initial irreducible common interva Is between the two given permutations. Then, each
time we compute the 1 sequences with Siepel's algorithm, we need to verify whethieeach one of the resulting
1 sequences breaks or not an irreducible common interval (thd sequences that break irreducible common
intervals are simply discarded). At the end, we have only theperfect traces, if at least one perfect trace exists.
If no perfect trace exists for the given permutations, we hae an empty result.

For comparison purposes, the experimental results of apping this method will be presented together
with the results of the next method.

Progressive detection of common intervals

In the previous approach, the new common intervals that coull appear between an intermediary permutation,
after applying some reversals to the initial permutation, and the target permutation, are not considered. Thus,
if a common interval appears between an intermediary permuation and the target permutation, there is no
constraint on the selection of a reversal that breaks this n& interval (see Figure 2.13 (B)). Alternatively to the

initial detection, in this work we introduce the progressive detection of common intervalg§14], that consists in
updating the list of (irreducible) common intervals between the permutations after each reversal. An optimal
sorting sequence that does not break the progressively datted irreducible common intervals is calledprogressive
perfect sorting sequenceFigure 2.14 shows an example of this approach.

Figure 2.14: An optimal sequence of reversals to sort the pemutation ( 5; 2; 7;4; 8;3;6; 1) without
breaking the progressively detected irreducible common itervals (listed on the right side).

If we consider the progressive detection of common interval in the construction of traces, Proposi-
tion 8 does not hold anymore. Considering the permutation ( 5; 2; 7;4; 8;3;6; 1), for instance, the se-

progressively detected common intervals (as we can see indtire 2.14), the second does not (after applying the
two rst reversals, f3;8gand f 3;4; 7g, we have the permutation ( 5; 2;3; 4,;7;8;6) with the common interval

common intervals in consideration, for each trace, only a shiset of its sorting sequences is selected. We call this
subset aprogressive perfect subtrace
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In addition, inverting a progressive perfect sorting sequace that sorts a rst into a second permutation
generally does not result in a progressive perfect sortingegjuence that sorts the second permutation into the
rst. An example is given in Figure 2.14. Observe that, applying the last reversalf 4;5; 6g on the permutation
(1;2;3;4;5;6;7;8) results in the permutation (1;2;3; 6; 5; 4;7;8), that has the common interval f4;7;8g

(1;2;3;4;5;6;7;8) does not result in a progressive perfect sequence of regats that sorts (1;2; 3; 4, 5; 6;7;8)
into ( 5, 2, 7;4; 8;3;6; 1). Thus, dierently from searching for perfect traces, seaching for progressive
perfect traces is an asymmetric approach.

When we compare current species, it is not possible to deterime a direction to the analysis. In this case,
considering common intervals that appear in intermediary dates is meaningless and a symmetric approach is
more adequate. Symmetry is thus an advantage that supportste initial detection of common intervals in many
applications. We suggest however that, when the relation anestor-descendant between the analyzed genomes is
clear, the progressive detection of common intervals may benore realistic than the initial detection of common
intervals. In this case, the analysis should be done from the&lescendant to the ancestor, since the objective is
to regroup intervals that may have existed in a past time.

To construct the progressive perfect subtraces, we need to adify Algorithm 5. Analogously to the
notation previously introduced, a progressive perfect subrace whose sorting sequences havereversals is called
progressive perfecti subtrace, and a progressive perfeck subtracet®is ak prex of a progressive perfect
i subtracet (k i) if each k sequence ot®is a pre x of an i sequence ot. To compute the progressive
perfect subtraces, at each step we use the algorithm of Siept0] to list all possible 1 sequences. Then we
Iter these 1 sequences to discard those that break irreducible common fervals. As a result of this procedure
(see Algorithm 6), we construct directly the progressive pefect subtraces.

As in the original algorithm, we may need to compare subtracs to verify whether a new subtracet is
present in the list of already constructed subtraces (Algoithm 6, step COMPARISON). In order to do that, we
may obtain the normal form f of the trace T that contains t, and comparef to the normal forms of the traces
that contain the already constructed subtraces (the normalform of an i trace is constructed incrementally,
from the normal form of one of its (i 1) pre xes; see Algorithm 3). Since there is no guarantee that he
normal form is part of a progressive perfect subtrace, we ats give one arbitrary valid sorting sequence int
as a representative (the representative of ari  subtrace is also constructed incrementally, by concatenahg a
reversal in the end of the sequence that represents one of i(s 1) pre xes). A progressive perfect subtrace
t is thus represented by a 2 tuple (e;f), where e is any progressive perfect sorting sequence inand f is the
normal form of the trace T that contains t.

obtain the permutation (1;2; 8;3; 6; 7;4;5),that has the irreducible common interval f 6; 7g with respect to
the target permutation |1 g = (1;2;3;4,5;6;7;8). The next reversal in the normal form is f 4; 5; 7g, that breaks
this new interval. In this example, the normal form is not a valid representative. However, the progressive
perfect subtrace that contains the sorting sequence desdred in Figure 2.14 can be represented by the 2tuple
(e;f), where e is a valid progressive perfect sequence representative) drf is the normal form (see Table 2.10).

2-tuple
e= f2;4;79f 4;5; 79f 69f 2; 3;6; 8gf 1;:::; 89f 3;:::; 79f 3;:::; 8gf 4;5; 69
f =1f1;:::; 89f2;4;7gf 6g < f2;3;6;8gf4;5;7g < 3;:::; 7gf 3;:::; 8gf 4;5; 69

Table 2.10: The 2-tuple representing one progressive peide subtrace of optimal sequences that sort the per-
mutation ( 5; 2; 7;4; 8;3;6; 1).

Thus, for two given permutations and t, at the end of Algorithm 6, we have the list of all non-empty
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Algorithm 6  Enumerating all the progressive perfect subtraces of two gined permutations

Input:  Two signed permutations ; r

Output:  The representative, normal form and counter ( e;f;c) of each progressive perfect subtrace of sequences of
reversals sorting into T

d reversal distance of (; 71)

T

I f j isairreducible common interval between and tg [computing irred. common interv. [27]]
S f J isanoptimal 1 sequencefor ! tg [Siepel [40]]

for each 1 sequence 2 S do

if does not break an interval in | [ltering] then
insert (;; 1)in T [each perfect rst 1 sequence is a progressive perfect 1subtrace]

end if
end for
for each integer i from 2 to d do
TO [contains the representatives/normal forms/counters of a Il the progressive perfecti subtraces]

for each (e;f;c)in T [(e;f) repr. the prog. perfect (i 1) subtracet; cis the counter of t] do
f f [apply the (i 1) sequencef to ]
I+ f | isairreducible common interval between  and tg [comp. irred. common interv. [27]]
S f j isanoptimal 1 sequencefor 1 ! g [Siepel [40]]
for each 1 sequence 2 S do
if does not break an interval in ¢ [ltering] then
f f + [extend the normal form f by adding the reversal ; see Algorithm 3]
if there exists (e%f%c% 2T °such that f°= f [COMPARISON ] then

c® P+ c [upd. the counter of the progressive perfecti subtrace t°repr. by (&°%f 9]
else
e e [simply concatenate to the sequencee]
insert (e ;f :c)in T [(e ;f ) repr. the prog. perfect i subtracet ; cis the counter of t ]
end if
end if
end for
end for
T T1T°
end for

return T [T is the nal set of progressive perfect d subtraces sorting into ]

progressive perfect subtraces. If no progressive perfeceguence exists for sorting into 1, we have an empty
result.

Theoretical complexity and experiments

Theoretical complexity of Algorithm 6.

The algorithm has time complexity O(Lnkm= *4) where L is the nal number of computed progressive
perfect subtraces and andkmax is the maximum width of a subtrace. Observe that, for calculding perfect
traces the theoretical complexity is O(Mnkm *4) where M, the number of computed nal perfect traces. See
the de nition of trace width in the computation of complexit y of Algorithm 5 in Appendix A and the complete
computation of complexity of Algorithm 6 in Appendix A.

We implemented both algorithms, to compute perfect traces ad progressive perfect subtraces, inte-
grated to the baobabLuna package, which also contains the implementation of computig traces. Although
the theoretical complexity of the new approaches is equal tahe original approach, the experimental results,
presented in Table 2.11, revealed that searching for reveeds that do not break common intervals is a constraint
that usually reduces the number of traces and sorting sequaes, and consequently, the execution time. More-
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over, the reduction is considerably higher when we apply therogressive detection of common intervals (usually
L<M<<N ).

Permutation Algorithm N s N T Execution time
all traces (A $1 3) 81; 869 377 ' 5 seconds
A andl g perfect traces (A $1 3) 51; 304 92 ' 5 seconds
d(A; 1g)=8 p. perf. subtr. (Al g) 11; 568 12 ' 3 seconds
p. perf. subtr. (Ig! A) 8; 400 5 ' 2 seconds
all traces (B $1 15) 505;634;256  21;902 ' 7.3 minutes
B and | 15 perfect traces (B $1 15) 122;862; 960 171 ' 27 seconds
d(B; 1 16) =12 p. perf. subtr. (B!l 1) 5;963; 760 6 ' 14 seconds
p. perf. subtr. (lw! B) 5; 393; 520 9 ' 16 seconds

Table 2.11: The experimental results of computing traces, prfect traces and progressive perfect subtraces (in
both directions), considering the pairs of permutations gven by (A; | g), whereA=( 5, 2; 7;4;, 8;3;6; 1),
and by (B; | 15), whereB =( 12,11, 10, 1,16, 4; 3;15 149, 8 7; 2; 13,5 6). All algorithms are
part of the baobabLuna package. All experiments were made on a 64 bit personal comper with two 3GHz
CPUs and 2GB of RAM.

Accepting interval breaks

As mentioned, searching for perfect traces or for progresse perfect subtraces may reduce the number of
sorting sequences and traces. However, there is no guaraet¢hat a perfect sorting sequence or a progressive
perfect sorting sequence exists, thus those approaches mayentually lead to empty results. For example,
the permutation (1;3; 2; 11;5; 9; 10;8;6; 7, 4;12), whose reversal distance is 9, has no perfect sorting
sequence and no progressive perfect sorting sequence.

Due to this, we propose the construction of near-perfect traes, accepting a bounded number of breaking
reversals per trace. A reversal can have a score of 0 if it doest break any common interval, or a score of
1 if one of its extremities breaks common intervals, or of 2 ifboth extremities break common intervals (see
Figure 2.15 (B)). The score of a sequence of reversals is givéy the sum of the scores of its reversals and is
bounded by k.

Di erently from the perfect sequences, the near-perfect sguences of reversals are asymmetric, that is,
inverting a near-perfect sequence of reversals sorting a pautation into 1 with score equal to k does not
necessarily result in a near-perfect sequence of reversasrting 1 into  with the same scorek. The reason is
that, after being broken, a common interval is no longer comnon and should be removed from the initial list of
common intervals (see Figure 2.15 (A)). Thus, the list of conmon intervals may be di erent at each step and
depends on the order the reversals are applied.

For example, when sorting (3, 3; 2; 11,5; 9; 10;8;6; 7; 4;12)into | 1, there is no perfect sequence
of reversals, and we must accept at least two interval breaksThe irreducible common intervals between these

and f9g and obtain (1;2; 3;4;5;9; 10;8;6;7;11;,12). Then we apply the reversalf 6; 7; 8; 10g, with score equal
to one, that breaks the intervals f8;9;10g and f9; 10g. The next reversal isf 6; 7; 9g, that breaks the interval

f6;7;8g and also has score equal to one. Then the last reversal f8; 9g, which is non breaking. But observe
that if we do not remove the already broken intervals from the initial list, the last reversal should be considered
a breaking one (it also \breaks" the interval f9;10g), and this sequence would have a score of 3 instead of 2.

A consequence of updating the list of common intervals when & accept a number of interval breaks
bounded by k is that we have near-perfect subtraces instead of traces. Silarly of what happens when we
use the progressive detection, only a subset of the sequercm a trace may achieve the given scoré, and this
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process is not symmetric. Thus, when we accept interval brees, we are not able to keep the symmetry. In other
words, although the perfect traces are symmetric, the neaperfect subtraces are asymmetric and this should be
taken in consideration when we apply this method in the analis of real cases.

We can also accept interval breaks when searching for progssive perfect subtraces. As for the progressive
perfect subtraces, the progressive near-perfect subtraseare also asymmetric.

(A) (B)

Figure 2.15: (A) After being broken, an interval is no longer common. (B) A reversal may cause at most two
interval breaks.

In the next section we will see how the conservation of progresively detected common intervals, accepting
some interval breaks, can be combined with another constrait to analyze the evolutionary scenario between
the bacterium Rickettsia felis and one of its ancestors, that have been reconstructed by Bl et al. [10].

2.4.3 Strati cation on evolution of sexual chromosomes

We also applied the method to analyze the evolution of the hunan X and Y chromosomes. These chromosomes
are very di erent, and, while the X chromosome is 155 Mbps lomg, the Y chromosome is 58 Mbps long. Never-
theless, both are believed to have evolved from an identicautosomal pair® [37]. This process is at the origin
of sexual di erentiation: the female XX and the male XY pairs. Due to the recombination mechanism, female
organization favours conservation of the X chromosome. Onte other hand, evolution of the male XY pair
causes the divergence of the Y chromosome, as it graduallydes the capacity of recombining with its X partner.

The X and Y chromosomes still share a main \pseudo-autosomalregion at one of their extremities,
where recombination occurs as between autosomes. Ninety ment of the Y chromosome is however male-
speci ¢, and shows major di erences in sequence as well as igene order with the X. Current theories suggest
that the pseudo-autosomal region, which originally coverd the whole chromosomes, was successively pruned
by a few big reversals on the Y chromosome [32], whose extretigis stood on each side of the limit of the
pseudo-autosomal region. The successive limits of the psda-autosomal region on the X chromosome, from the
origin to where it is located now, represent the limits of wha have been called the \evolutionary strata” of the
sex chromosomes.

Several indices seem to indicate the presence of at least vstrata on the X chromosome [39, 41]. The
strata are ordered according to their creation time. Thus, the stratum that is the closest to the pseudo-autosomal
region is numbered 5, while the stratum which is at the other etremity of the X chromosome is numbered 1.
A sequence of reversals on a signed permutation represengrthe relative ordering of the genes common to
chromosomes X and Y, obtained thanks to the softwareGRIMNU5], has been published in study of Rosgt
al. [39], and is given as an argument to support the existence antbounds of the most recent strata. The
sequence is represented in Figure 2.16.

However for the same permutation, there are many sequencesat are possible, including others se-
guences that are in agreement with a model of evolution by stata, which we now describe.

8 Autosomes are all non-sex chromosomes.
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Figure 2.16: Sequence of reversals transforming human X inthuman Y chromosome, that shows the formation
of the last three strata (numbered 3, 4 and 5) on X chromosomedxtracted from Rosset al. [39]). The PAR
symbol represents the pseudo-autosomal region in each chmmsome.

Model of evolution by strata

For a signed permutation X = (X31;:::;Xp), a k strata is dened as a partition of X into a sorted set
B = (lk;lk 1;:::;11) of K intervals, such that Iy = fj Xaj;:::5;iXn 0 Tk 1= f Xn+1di0 00 X neene 4109 100,
l1 = fiXn+enp41)s 0075 X 0 + 2+ n,J9, Where n; is the size of the interval I;. Observe that the intervals are

ordered by their positions, but they are indexed in a decreai;mg way from the beginning to the end of the
permutation. We de ne a B stratifying sequence of reversalsas follows.

Denition 1  Given a signed permutationX = (Xq;:::;Xy,) and ak strata B = (ly;lx 1;:::;11), we say
that a sequence of reversals = ; ,::: 4 is a B stratifying sequenceif:

1. The sequenca has a subsequen@eb= 1 ,::: i, such that for 1 i Kk, the reversal ; contains the
interval 1; and, for any j >i , no element ofl; isin ;.

2. For any two consecutive reversals; and .1 of b, if is a reversal that occurs between; and j+; inr,
then isasubsetofly[ I,:::[ I;.

The reversals inb are said to bebig reversals(each big reversal creates a new stratum), while the reverda
of r that are not in b are said to besmall reversals A sequence of reversals that produces ko strata has k big
reversals andd k small reversals (we recall thatd is the reversal distance for the given permutation).

is a trace of optimal sequences of reversals sorting into Y, we call B induced subtraceTg the subset of T
dened as Tg = fsjs2 T and s produces thek strata B in X g.

This approach is conceptually asymmetric, since the stratication is supposed to take place in the
ancestor genome. Observe that actually X chromosome is nothie ancestor of Y, but it is assumed to be the
ancestor state of Y, at least for the analyzed portion. Inded, it has been observed that a considerable portion
of X chromosome is highly similar to a portion of chromosome Iof chicken [39], thus this region, that coincides

9Recall that a \subsequence" b of a sequencer is obtained by eliminating some of the elements (here revers als) of r while
preserving the order of the remaining elements.
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with strata 5 and 4 and a part of stratum 3, is assumed to be freeof rearrangements after the di erentiation
of sexual chromosomes in humans. Thus, the analysis shouldebdone from the strati ed (ancestor) genome to
the other (descendant), and re ects directly the real chrorology of the events (remember that the asymmetric
progressive perfect sequences should be inverted to re etthe real chronology).

Algorithm for exploring the sequences that stratify a permu tation

We used a version of the exploration algorithm that, given ak strata B, outputs the set of traces whose
sequences produc® [15]. This requires a slight modi cation of Algorithm 5, described as follows.

Besides the two signed permutationsX and Y, the modied algorithm requires a k strata B =
(Ic; 1k 1;:::;11) for X. The algorithm returns the traces whoseB induced subtraces are not empty, and,
for each trace, the size of itsB induced subtrace.

It is the rst step (Siepel's step) that is mainly modi ed. Af ter searching all next reversals, we must
select only those that are in agreement with the givenk strata: the rst reversal is xed, and corresponds
exactly to the rst stratum (it is a big reversal); then, at ea ch step, suppose stratuml, has been moved by
a big reversal and not stratum | ;41 ; we can choose between performing a big reversal including.+; and no
elements from the following ones, or a small reversal, incded in1, [ [ |,. The procedure is described in
Algorithm 7.

At the end of the execution, we have the complete set of non-epty B induced subtraces (each subtrace
is represented by a 2-tuple containing the normal form of thecorresponding trace and a validB stratifying
sequence as a representative) and their sizes for a given peutation and a k strata B. There is no guarantee
that a strata-induced subtrace exists, thus the algorithm can lead to an empty result (an empty result means
that it is not possible to produce the proposed strati catio n in the genome by an optimal sequence of reversals).

Theoretical complexity of Algorithm 7.  The complexity is the same of Algorithm 5, that is, O(Nnkma 4,
where N is the number of d traces and kmax is the maximum width of a d trace. See the de nition of
trace width in the computation of complexity of Algorithm 5 i n Appendix A and the complete computation of
complexity of Algorithm 7 in Appendix A.

Analysis of the results

We applied the modied algorithmto X = 1, andY = ( 1211, 2; 1, 10, 9;8; 5;7;6;, 4;3), permu-
tations derived from the genes that are shared by the last thee strata of the human X and Y chromosomes
(Figure 2.16). It was used in a study of Rosset al. [39] to account for the positions of the strata 34;5 in the
human sex chromosomes, by giving one optimal sorting sequea of reversals.

We are now able to handle the whole set of sorting sequenceshd solution space of sorting this permu-
tation by reversals contains 31 752 sequences, distributed among 6 traces (see Table 2.12).

When we search only for the sequences of reversals that sor into Y and respect the formation of

420 sequences, corresponding to a uniqug,y induced subtrace, represented by the 2tuple (e;f) where e is
a valid stratifying sequence andf is the normal form of its corresponding trace, as we can see ifiable 2.13.

There are in consequence 420 sequences out of 332 that support the bounds given in [39], and they
are all in the same trace. Here, more relevant than the numbenof sequences is the fact that they are all part of
a unique subtrace, which means that the reversals have beedénti ed correctly. So if we suppose the bounds
are known, the sequence given by Rosat al. [39] is accurate.

Nevertheless, the limits between strata may be not so clearand one could be interested in testing other
hypotheses. For instance, we could extend strata 4 incorpating to it the markers 1 and 2 which were part of
stratum 3 in the previous analysis. According to this hypothesis, which could be biologicaly meaningful as well,
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Algorithm 7 Enumerating all the strata-induced subtraces of two signedpermutations and a givenk strata
in the origin permutation
Input:  Two signed permutations X;Y and ak strata B = (ly;lk 1;:::;11) for X

Output:  The representative, normal form and counter ( e;f;c) of each B induced subtrace of sequences of reversals
sorting X into Y

d reversal distance of (X;Y )

LI

S f jJ isanoptimal 1 sequence forX ! Yg [Siepel [40]]

if S contains a reversal = 11 [the rst reversal may create the rst stratum] then

insert (;; 1)in T [the 1 sequence that creates the rst stratum is a B induced 1 subtrace]
end if
for each integer i from 2 to d do

T ; [contains the representatives/normal forms/counters of a Il the B induced i subtraces]
for each (e;f;c)in T [(e;f) repr. the B induced (i 1) subtracet; cis the counter of t] do
X0 X
z 1 [to store the index of the last created stratum]
for each reversal ine= ;1 2:::; ;do
X% x° [apply the reversal to X7
w  the biggest index of a stratum in Ix;lx 1;:::;1, such that overlaps |w
zZ W
end for
b k z [number of remaining big reversals]
S® f j isanoptimal 1 sequence forX°! Yg [Siepel [40]]

for each 1 sequence 2 S°do
accept false

if  contains the interval 1,41 and does not overlap an interval in l,42 ;1,43 ;:::; 1k then
accept true [ is the next big reversal]
else
if d i+1 b>0 [test whether it can apply a small reversal] and does not overlap an interval in
241 ;1242 ;000 1 then
accept true [ is a small reversal]
end if
end if
if acceptthen
f f + [extend the normal form f by adding the reversal ; see Algorithm 3]

if there exists (€%f%c%) 2T %such that f°= f [COMPARISON ] then
® &+ c [upd. the counter of the B inducedi subtrace t®repr. by (€%f 9]
else
e e [simply concatenate to the sequencee]
insert (e ;f :c)in T® [(e ;f )repr. the B ind. i subtr. t ;cis the initial counter of t ]
end if
end if
end for
end for
T T1T°
end for
return T [T is the nal set of B induced d subtraces sorting X into Y]

we haveB = (f1;2g;f3;:::;12g9), and there are 2520 sequences in th& induced subtrace (see Table 2.14).

Thus, using the modi ed algorithm we are able to evaluate thedi erent hypotheses of strati cation and
nd all the subtraces (that is, a representation of all sequences) that produce each strati cation.
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Trace  Trace normal form # seq.
1. f = f39f3;:::; 129f 5; 6gf 8gf 119f 11; 12g < f1; 2; 11; 12gf 5; 79 10; 080

2. f = f1;2;39f1;:::; 129f 4;:::; 109f 5; 6gf 89f 11g < f1;2;4;:::; 10gf 5; 79 10; 080

3. f = f1;:::; 119f 1;:::; 129f 3;:::; 119f 3gf 5; 6gf 8g < f 1;2;11gf 5; 79 10; 080

4. f = £3;:::; 11gf 4;:::; 109f 5; 69f 89 < f3;12gf 5;7g < f4;:::; 10;12g < f1;2;11;12g 840

5. f = f5;6g9f 8gf 11; 129 < f4;:::; 10;12gf 5; 7g < f1;2;3;12g < f1;:::; 11gf1;2;4;:::; 10g 336

6. f =1f1;:::; 119f 5;69f8g < f1;2;3;12gf5;7g < f4;:::; 10;12g < f1;2;4;:::; 10gf 11; 129 336

Total 31; 752

Table 2.12: The 31752 possible sequences of reversals for transformink = 13, into Y =

( 12211, 2; 1, 10, 9;8; 5;7;6; 4;3) are distributed in 6 traces. Each trace is represented byts nor-
mal form. The third column indicates the number of sequencesn each trace.

Trace  Subtrace 2-tuple # seq.
1. e = f11;12¢gf 119f 3;:::; 12gf 3gf 5; 6gf 8gf 5; 7gf 1; 2; 11; 129 420
f = f3gf 3;:::; 129f 5; 6gf 8gf 11gf 11; 12g < f1;2; 11; 12gf 5; 79

Table 2.13: The B,y induced subtrace of optimal sequences that sort the chromasne X = |1, into Y =

Trace  Subtrace 2-tuple # seq.
1. e= f3;:::; 129f 11; 12gf 11gf 3gf 5; 6gf 8gf 5; 7gf 1; 2; 11; 129 2;520
f = f3gf 3;:::; 129f 5; 6gf 8gf 11gf 11; 12g < f 1;2; 11; 12gf 5; 79

Table 2.14: The B induced subtrace of optimal sequences that sort the chromasne X = |, into Y =

On the execution time of the strata variant

In order to evaluate the execution time of this modi ed algorithm, we ran both the original algorithm (that
searches for all the traces) and the modied one (that searchs for the strata-induced subtraces) over the
previous permutation and over an extended permutation, al® extracted from the evolution of human X and Y
chromosomes. The results are presented in Table 2.15 and shis that searching for strata-subtraces runs much
faster than searching for all traces.

2.4.4 Symmetry versus asymmetry when applying constraints

In the previous sections, all the biological constraints wee analyzed qualitatively, in order to determine whether
they were symmetric (when the results of the analysis of the equences sorting a rst genome into the second
can be obtained from the analysis of the sequences sorting ¢hsecond genome into the rst) or asymmetric.

We argued that when a constraint is asymmetric, it can only beapplied when the relation ancestor-
descendant between the analyzed genomes is known and, in théase, a direction to the analysis must be de ned.
We summarize below the characteristics of each one of the cetraints that we considered.

1. Initial detection of common intervals without interval breaks can be applied to linear or circular chromo-
somes and is symmetric.
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Input Algorithm N s Nt Execution time
XY all traces 31; 752 6 ' 1.3 seconds
By induced subtraces 420 1 ' 0.5 seconds
extxXyY all traces 316;793;943; 648 87;983 ' 5 hours
B induced subtraces 608; 343; 606 2;284 ' 4 min

Table 2.15: Computation results. Columns from left to right contain: 1- the input (permutation and
strata) 2- the algorithm 3- the number of sequences accordip to the algorithm; 4- the number of traces
according to the algorithm; 5- the execution time of the algaithm. Both algorithms are part of the
baobablLuna package. All experiments were made on a 64 bit personal comper with two 3GHz CPUs

mutation Yex = (14; 10;8; 1;9;11;, 7;6; 4;5; 3;2;15,12, 13) (extended human X and Y chromosomes,
adding markers to stratum 3).

2. Initial detection of common intervals with a bounded numberof interval breaks can be applied to linear or
circular chromosomes and is asymmetric (the relation ancder-descendant between the analyzed genomes
must be known, and the analysis must be done from the descendato the ancestor).

3. Progressive detection of common intervals without or with abounded number of interval breaks can be
applied to linear or circular chromosomes and is asymmetri¢the relation ancestor-descendant between the
analyzed genomes must be known, and the analysis must be dofiemm the descendant to the ancestor).

4. Strata on sexual XY chromosomes can be applied only to linear chromosomes and is conceptuglasym-
metric (the analysis must be done from the X to the Y chromosone).

2.4.5 Compatibility between constraints

A list of dierent constraints can be applied together under the condition that they are compatible. Two
symmetric constraints are frequently compatible and resul in a symmetric approach, for example terminus-
symmetry and initial detection of common intervals without interval breaks. An asymmetric and a symmetric
constraints are also frequently compatible, and applied tgether they result in an asymmetric approach.

On the other hand, the asymmetric strata and progressively étected common intervals are not compat-
ible, because the analysis when applying the strata constiat may be done from the ancestor to the descendant,
while the analysis when applying the progressive detectiorof common intervals may be done from the descen-
dant to the ancestor. Thus, using a list of di erent constraints at once may be interesting when analyzing traces,
but we may rst verify the compatibility in order to select th e constraints to be applied.

2.4.6 Final remarks

In this chapter we describe the use of di erent biological castraints to reduce the universe of sequences and
classes. One of these constraints is the list of common inteals, which are the clusters of co-localised genes
between the considered genomes. We used common intervals two di erent approaches, one that searchs for
perfect sorting sequences [15], that is, sequences that dmnbreak the common intervals detected between
the two initial genomes, and one that searchs for progresse perfect sorting sequences, that do not break the
common intervals progressively detected [14] when sorting genome into another. Other constraints were de ned
according to the practical problems we were interested in. m particular, we are able to apply a constraint to
analyze directly the strati cation process in the evolution of the sexual chromosomes X and Y in human [15, 33].



2.4. BIOLOGICAL CONSTRAINTS AND APPLICATIONS 37

The implementation of all these variants are part of baobabLuna framework. Several experiments
show that indeed these variants reduce considerably the nubver of generated traces. Consequently, they run
faster than the algorithm that generates the traces without contraints and are able to analyze permutations
with higher reversal distances. The constraints were alsormalyzed in order to determine whether they lead to
symmetric or to asymmetric approaches, and to verify which onstraints are compatible and which constraints
are incompatible.

We then applied the method that generates traces accordingd biological constraints to analyze the
evolution of human sexual chromosomes X and Y [39]. We obtaied a better characterization of the evolutionary
scenarios of these genomes [15, 33], with respect to the rdtsuof previous studies [39], that were based on a
single sorting sequence.

The use of biological constraints has some important limitdions. First, there is no guarantee that a
sequence that respects the given contraints exists, thus ik approach may lead to empty results, which is
undesirable. Relaxing the biological constraints in orderto obtain a non-empty result is generally possible, but
this approach may require several essays of the relaxing pameters, which costs computation time.



38

CHAPTER 2. METHODOLOGICAL BACKGROUND AND EXPERIMENTS



Chapter 3

Technical aspects

Summary
3.1 Optimization of memory use . . . . . . . . .. e 39
3.1.1 The compressible sorted set . . . . . . . . .. ... 39
3.1.2 Freezing Operations . . . . . . . ... e 41
3.1.3 Performance . . . . ... e e 41
3.2 Architecture . . . . . . e e 42
3.3 Test. . . e e ... 44
3.4 Finalremarks . . . . . . . L e e e 44

The implementation of all the algorithms presented in this work is integrated to baobablLuna , a frame-
work to deal with permutations, implemented in a object-oriented paradigm, using the Java technology.

Besides the implementation of Siepel's algorithm and of alklgorithms for analyzing traces,baobabLuna
contains a collection of classes for dealing with permutatins and their associate breakpoint graphs, performing
reversals, calculating reversal distances and sorting perutations by reversals.

3.1 Optimization of memory use

When analyzing traces, for a reversal distance of about 20, @may need to handle more than 200 million partial
traces at one step. Since the java standard data structures @re ine cient and rapidly saturated when dealing
with this amount of data, we needed to develop a new structurethat we called CompressibleSortedSet .

3.1.1 The compressible sorted set

The CompressibleSortedSet can store more elements than the standard data structures de to its internal orga-
nization, that allows automatic partial compression of its data. In general, insertions inCompressibleSortedSet
are not processed one by one, but accumulated and then procgsd in batch mode, from time to time.

Internally, the elements are stored in subsets, such that fo any pair of subsetsS; and S, either all
elements inS; are smaller than all elements inS,, or all elements inS; are greater than all elements inS,. The
elements in a subset are sorted in ascending order, and theaue of a subset is given by its rst and last elements.
The subsets themselves are also sorted in ascending orderea&ching an element (or the position to insert an
element) in a CompressibleSortedSet is done by a double application of the binary search method [B], that

1The full documentation of Java technology is available onli ne at http://java.sun.com
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is, a rst binary search is performed to determine in which sibset the element may be inserted, then a second
binary search is performed in the selected subset, to determe the exact insert position. In addition, each one
of the subsets can be in compressed or uncompressed state. efscope of a subset is visible even when it is
compressed, so it is possible to know whether a new elementalid be inserted in a subset or not.

Inserting an element in an uncompressed subset is immediatdHowever, if the subset is compressed, the
element is kept in a pending list for a while. After a certain number of insertions in an compressed subset, the
subset is uncompressed and all the elements in the pendingsti are inserted at once (this procedure amortizes
the cost of uncompressing a subset). The number of uncomprsed subsets is limited, thus generally a subset
decompression may cause another subset compression. At atigne, the uncompressed subsets are those which
were accessed later. Figure 3.1 illustrates the structure foCompressibleSortedSet .

Figure 3.1: The structure of CompressibleSortedSet .

When an internal subset ofCompressibleSortedSet achieves a certain number of elements, it is splitted
in two. The split operation is done according to a given balarte x, such that 0 < x < 1. If the original subset
hasn elements, it is splitted in two subsets such that the rst nx elements of the original subset are put in one
new subset and the lastn(1 x) elements are put in the other new subset. The default value bthe balance
is 0:5. However, in some applications, it can be interesting to dee a di erent value, thus the balance is a
parameter of CompressibleSortedSet . The maximum number of uncompressed subsets, the maximum maber
of elements in a subset and the maximum number of elements in aubset pending list are also parameters that
can be de ned. The operations of compression, decompressiand split of a subset are represented in Figure 3.2.

The compression of a subset is done as follows: rst we may ceatenate all elements of the subset in a
bidimensional array of bytes, then we compress each line ofie resultant array. The compressed data is written
in the hard disk, so the memory that the elements occupied cambe released. The algorithm of compression is for
general purpose, implemented in package java.util.zip (ésses De ater and In ater) using the ZLIB compression
library. The ZLIB compression library is not protected by patents and is fully described in the speci cations at
the java.util.zip package descriptior?.

2See the java API of the package java.util.zip in  http://java.sun.com
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Figure 3.2: An insertion in a CompressibleSortedSet may launch a subset decompression (when the subset
is compressed and its pending list is completely lled, suchas insertion 1) or a subset split (when the subset

is decompressed and the maximum number of elements in the sabt is achieved, such as insertion 2). A

subset decompression or split may eventually launch anothesubset compression, if the maximum number of

decompressed subsets is achieved.

3.1.2 Freezing operations

Besides the classCompressibleSortedSet , the implementation of the algorithm that enumerates traces also
perform additional I/O operations between iterations to save memory. At the end of an interation i, the i traces
are registered in the hard disk, by a procedure that we calffreezing Then, in the following iteration i + 1, the
i traces are read little by little from the hard disk to generate the (i +1) traces.

3.1.3 Performance

The standard implementation of the algorithm that enumerates traces inbaobabLuna , that we call Com-
pression+Freezing , uses the classCompressibleSortedSet and freezing operations between iterations to
save memory.

In order to evaluate the performance of this implementationwith respect to memory use and execution
time, we have done a comparison with three other implementabns of the same algorithm that enumerates
traces (two of them uses the clasgava.util. TreeSet , which is a java standard implementation of a sorted
set, instead of CompressibleSortedSet to store traces). The three test versions are:

Compression : uses the classCompressibleSortedSet but does not use freezing operations between
iterations.

TreeSet : uses the classTreeSet and does not use freezing operations between iterations.
TreeSet+Freezing : uses the classTreeSet and freezing operations between iterations.

We run the standard version and the three test versions for coputing traces of three di erent permuta-
tions. The implementations that use the classCompressibleSortedSet (the standard Compression+Freezing
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and the test version Compression) were set with the followig parameters:

1. Maximum number of elements by compressible subset: ;800
2. Maximum number of uncompressed subsets: 400

3. Maximum number of elements in the pending insertion list d each compressed subset: 200

All experiments were made on a 64 bit personal computer with wo 3GHz CPUs and 2GB of RAM. Ex-
perimental results show that the standard implementation (Compression+Freezing) indeed saves a considerable
amount of memory (see Figure 3.3).

In addition, as we can see in Table 3.1, the results show thatalthough CompressibleSortedSet may
proceed several compressions, decompressions and I/O op#ons to register and read compressed subsets in
the hard disk, it runs at least as fast asTreeSet (freezing operations takes longer withTreeSet, because this
implementation registers and reads each trace individuall, while CompressibleSortedSet can register and
read the elements in a compressed subset at once). This indites that the amortization provided by insertion
pending lists works well.

Input () d( ) Nt Implementation Execution time

Compression+Freezing ' 27 seconds
E Compression ' 25 seconds
n =13 10 2 ;151 TreeSet+Freezing ' 31 seconds
TreeSet ' 25 seconds
Compression+Freezing ' 7.3 minutes
G Compression ' 7.1 minutes
n =16 12 21 ;902 TreeSet+Freezing ' 8.7 minutes
TreeSet ' 7.2 minutes

Compression+Freezing ' 4.1 hours

H Compression ' 4.1 hours

n =16 13 567 ; 524 TreeSet+Freezing ' 4.8 hours

TreeSet ' 4.2 hours

Table 3.1: Computation results. Columns from left to right contain: 1- the input (permutation
and number of markers); 2- the reversal distance; 3- the numér of traces; 4- the implementation;
5- the execution time of the implementation. All implementations of the algorithm are part of the
baobabLuna package. The three analyzed permutations are ¢ = ( 12,11, 10;6;13 5;2;7;8; 9;3;4; 1)
G = ( 1211, 10, 1;16 4; 3;15 149, 8 7, 2, 135 6), and H =
( 12,11, 10;6; 5;13,2,7;8; 9,14, 153;4; 16;1).

3.2 Architecture

All executable programs inbaobablLuna have the same multilayered architecture [17], organized iriwo layers.
The topmost level is responsible for the user interface. Therograms in baobabLuna have a light textual
interface, described later in this chapter. The second layeis responsible for implementing the logic behind the
applications. Thus, all the algorithms described in this manuscript are implemented in the second layer. The
dependency relation of these two layers are from top to botte, that is, the second layer has no dependency
with respect to the top layer. In addition, theses two layersdepend on the core library ofbaobabLuna , mostly
composed by a component to deal with permutations, their coresponding breakpoint graphs and reversals, a
component to deal with traces, and a utilitary component that contains the class CompressibleSortedSet .
There is no dependency between these three components of tleere library. The pattern of architecture of
baobabLuna is illustrated in Figure 3.4.
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Performance of standard and test implementations with respect to memory use
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Total number of i traces
2 3 4 5 6 7 8 9 10 11 12 13
690 | 6331 | 38986 | 172257 | 567851 | 1413316 | 2669032 | 3824570 | 4047048 | 3298406 | 1958839 | 567524

Figure 3.3: The memory use of standard implementation and tst versions when computing the 13 traces
that sort ( 12,11, 10;6; 5;13,2;7;8; 9;14; 15;3;4; 16;1), which is permutation y in table 3.1. The
labels in the X axis indicates the beginning ofi traces computing in the execution of each implementation
(for i = 2;3;:::;13; the total number of i traces is given below the graphic). The valleys in some linesre
between each pair of iterationsi 1 and i, and are more accentuated for the implementations that perbrm
freezing operations. This graphic shows that Compressionersions are more stable with respect to memory use
and, for greater amounts of data, use much less memory thafireeSet versions. ThebaobablLuna standard
implementation (Compression+Freezing) has the best perfonance among all implementations.

The organization of the architecture in components with wel de ned dependency relations favors the
development and maintainance ofbaobablLuna . If a component X depends on another componeny, then the
modi cations done in Y can a ect X On the other hand, if Xdoes not depend orY, then the modi cations done in
Y does not a ect X. Observe that each component in the core library does not degnd on any other component
of baobabLuna and, consequently, is not a ected by the modi cations done aitside itself. Moreover, the
separation of the user interface from the application logicpermits the substitution of the interface with no
consequences to the other components. Neither the applicatn logic nor the core library depend on the user
interface, thus modifying the interface does not a ect the remaining components ofbaobabLuna .
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Figure 3.4: The pattern of the architecture of executable pograms in baobabLuna . The components are
represented by rectangles. The lines separate the two laysrof the architecture and the core library, which is
transversal to the layers. An arrow from a component A to a conponent B indicates that A depends on B.

3.3 Test

An important issue when implementing a program that deals wih a huge amount of information is preventing
erroneous results, that are very hard to detect. A good straégy to solve this problem is the use of an audi-
tor, that is a program that contains an alternative implementation that may produce the same result as the
implementation which is being tested. The auditor can also ontain errors, but it is very improbable that it
reproduces exactly the same errors as the tested implemertian, so when both lead the same results, we assume
that both are correct, at least for the examined test cases.

In baobabLuna we implemented auditors for the two main critical points. One is the algorithm that
generates directly the traces of sorting sequences (Algahm 5), that here we call traceStandard . In this
case, the auditor is the program that generates traces by gesrating all sorting sequences (Algorithm 4), named
traceAuditor , that was also used to evaluate the performance ofraceStandard in the previous chapter.
Observe that traceAuditor can not process all the permutations that are processed by thtraceStandard |,
that is, with respect to the auditor, traceStandard is able to process permutations with higher reversal dis-
tances. NeverthelesstraceAuditor can be used as a good indicator of the quality otraceStandard . The
second critical point is the classCompressibleSortedSet , whose auditor is the classTreeSet, which is a java
standard implementation of a sorted set. The classTreeSet was also used to evaluate the performance of
CompressibleSortedSet with respect to memory use, as we saw in Section 3.1.1.

All versions of baobabLuna were tested by these two auditors for a set of 8 test permutatins (see
Table 3.2), that helped us to nd several errors during the implementation process. The errors were xed, and
the versions were released only after being aproved by thegest cases.

3.4 Final remarks

In this chapter we presentedbaobablLuna [12], a framework to deal with permutations, their correspading
breakpoint graphs, and reversals, that contains all algothms described in this manuscript. In order to be able
to handle the huge amount of data when computing traces, the mplementation of baobabLuna optimizes
the memory use with compression and freezing operations, #t were shown to save a considerable amount
of memory without losing in execution time. The core library of baobabLuna is mostly composed by three
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Permutation ( ) d( ) N1 Ns
A=( 321 4 4 2 28
B =( 41, 3;6; 7; 5;2) 6 5 204
c=( 657 1 432 6 8 496
p =( 4; 3;12; 11; 8;10;9;7; 6; 5;2; 1) 8 6 31;752
e =( 4;3;12; 11; 8;10;9;7; 6; 5;2; 1) 9 14 407 ; 232
r =( 12;11; 10;6;13; 5;2;7;8; 9;3;4;1) 10 2;151 8; 278; 540
e =( 12;11; 10; 1;16; 4; 3;15; 14;9; 8; 7, 2; 13;5; 6) 12 21;902 505; 634; 256
w =( 12;11; 10;6; 5;13;2;7;8; 9;14; 15;3;4; 16;1)* 13 567 ;524 40; 313; 272; 766

Table 3.2: Test cases used to assure the quality dpaobabLuna . In all released versions,traceStandard
and its auditor traceAuditor , as well asCompressibleSortedSet and its auditor TreeSet lead to the same
results when computing traces for these test cases. (*)Duectits huge number of sorting sequences, the last
permutation can not be processed bytraceAuditor and was only used to auditCompressibleSortedSet .

independent components, one that deals with permutations,breakpoint graphs and reversals, one that deals
with traces, and one that deals with compression. In additin, the architecture of all the executable programs
baobablLuna is organized in two layers, a topmost layer with the user inteface and a second layer with the
application logic, that encloses the described algorithms

The algorithm to generate directly the traces represents animportant improvement with respect to the
enumeration of all optimal sorting sequences. However, fgpermutations with a reversal distance above a certain
value, the universe of traces is too big for being interpretd and often it can not be computed, even with the
optimization in the memory use in the implementation of baobabLuna . Indeed, we are not able to compute
traces for permutations with a reversal distance of about 20or higher.

The use of biological constraints is a good strategy to redue traces while selecting sequences of reversals
that are biologically more meaningful. However, there is noguarantee that a sequence that respects the given
contraints exists, thus this approach may lead to empty resits, which is undesirable. Relaxing the biological
constraints in order to obtain a non-empty result is generaly possible, but this approach may require several
essays of the relaxing parameters, which costs computatiotime.
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Here we describe thebaobabLuna interface, including a list with the main executable programs.

4.1 The text representation for the breakpoint graph

An important feature of baobablLuna interface is a text representation of the breakpoint graph. In this text
form, a breakpoint graph is represented by a string with four lines. The rst line assigns an index from
1 to pts( ) to each black edge. The second line represent the black edgecycles and directions >' or "<'
(two positions with the same value in the second line represe two black edges in the same long cycle;...
represents an adjacency). The third line represent the grayedges of the cycles, since each position in the third
line indicates the subsequent black edge in a tour through tk cycle (again, ... ' represents an adjacency). The
fourth line contains the permutation and the number of cycles in the graph. Figure 4.1 shows the graphical and
the text representation of the breakpoint graph of a permutation.

The text representation of breakpoint graphs is largely usd in our executable programs. It is imple-
mented by the class baobab.bio.permutation.PermutationBPGraphFormatter.

4.2 Download

The packagebaobablLuna is available at http://pbil.univ-lyonl.fr/software/luna/ for online download,
encapsulated in a.jar le (Java ARchive format). Together with the Java 6 standard library !, this le contains

1Java 6 must to be installed in the computer, in order to run the ~ programs in baobabLuna .

47
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(A) Graphical representation

(B) Text representation

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13. (1) Black edge s' index line
01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01 (2) Black edge s' direction
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01 (3) Gray edges

0 -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 : 5 cycles 4) P ermutation

Figure 4.1: The graphical (A) and the text (B) representations of the breakpoint graph for the linear permutation
=( 4 312 11, 8;10,9;7; 6; 5;2; 1). In the text form of this graph (B), the lines represent: (1) an
index line identifying the black edges (points); (2) the black edges, with each cycle tour in an arbitrary direction
(the numbers represent the long cycles, two black edges witthe same number are in the same cycle); (3) the
gray edges, with each cycle tour in the direction induced by back edges' direction (the number after the ":"
indicates the next black edge to be visited, referring to the[ rst] index line); (4) the permutation. A~ ... ' in

lines (2) and (3) represents an adjacency.

all required resources to run the programs described in thisnanuscript. The current version of baobabLuna
named 1.1 beta , was released on November 2068

For java programmers, the API (application programming int erface) of all classes irbacbabLuna can
also be downloaded athttp://pbil.univ-lyonl.fr/software/luna/

The package containing the classCompressibleSortedSet is part of baobabLuna . However, although
CompressibleSortedSet was conceived for dealing with traces, it is for general purpses and is able to store
any kind of object. For java programmers interested in this functionality, a subpackage containing only these
features is available athttp://biomserv.univ-lyonZ1.fr/ ~marilia/compressible.htm

4.3 Setup

In order to run the executable programs in baobablLuna , Java SE 6.0 must to be installed in the computer.
Suppose the le that encapsulates the packagdaobabLuna is called baobab-luna.jar and was downloaded
into a directory called $path. First we must get into the directory $path ( >cd $path). Then, to run a program

called $program, the command is as follows:

>java -classpath baobab-luna.jar $program

4.4 Running executable programs

The packagebaobablLuna contains a list of executable programs to deal with signed penutations that rep-
resent genomes in bioinformatics. Those programs are uséftor analyzing permutations over several aspects

2The rst version of baobablLuna , named 0.1 beta , was released on November 2006 and did not contain the varian ts that deal
with biological constraints.
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(calculating reversal distance, nding the components of he breakpoint graph, analyzing traces). Each exe-
cutable has a particular list of parameters, and, to get the relp, we must run the program without arguments

(see an example in Figure 4.2).

>java -classpath baobab-luna.jar baobab.exec.permutati on.sort
Sorts the given signed permutation
Required parameters:

-0 originPermutation (values separated by commas, without spaces)
Ex: -0 -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1

Optional parameters:

-t targetPermutation (values separated by commas, without spaces)
Ex: -t 5,-3,12,10,9,8,-11,7,-6,-4,2,-1

-I T/F (T=linear [default], F=circular)
Ex: -l F

Figure 4.2: Get the help of a program inbaobabLuna .

All the programs described here analyze a pair of sighed pematations, thus the following parameters

are common to all of them:

-0 [permutation] : the origin permutation =( 1; 2;:::; n 1, n). The values must be separated by

commas, without spaces.
Example: -0 -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1

-t [permutation] : the target permutation . The values must be separated by commas, without

Example: -t 5,-3,12,10,9,8,-11,7,-6,-4,2,-1

-I T/F : a parameter to indicate whether the origin and target permuations are linear (T) or circular (F).

This parameter is optional and if it is ommited, the permutations are assumed to be linear.
Example: -| F

Now we will give a list with the main executable programs that are part of our framework.

4.4.1 baobab.exec.permutation.analyzeSignedPermutation

Analyzes a signed permutation and prints its breakpoint grgph and reversal distance (see Figures 4.3 and 4.4).

>java -classpath baobab-luna.jar baobab.exec.permutati on.analyzeSignedPermutation -0 -3,2,1,-4

1. 2. 3. 4. 5.
1> <1 1> <1 1>
5:3:1:2:4

-3 +2 +1 -4 1 cycles

# of points.......: 5

# of cycles........ 1

# of components....: 1

> ajacencies....... 0

> oriented comp...: 1

> unoriented comp.: 0

Reversal distance..: 4

Figure 4.3: Analyze the linear permutation ( 3;2;1; 4).
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>java -classpath baobab-luna.jar baobab.exec.permutati on.analyzeSignedPermutation -0 -3,2,1,-4 -| F

1. 2. 3. 4.
1> <1 1> ..
3:1:2 ..
w-1-2 43 +4 1 2 cycles

# of points......... 4

# of cycles......... 2

# of components....: 2

> ajacencies....... 1

> oriented comp...: 1

> unoriented comp.: 0

Reversal distance..: 2

Figure 4.4: Analyze the circular permutation ( 3;2;1; 4) (observe that the circular permutations ( 3;2;1; 4)
and ( 1; 2;3;4) are equivalent).

4.4.2 baobab.exec.permutation.sort

Sorts the given signed permutation (see Figures 4.5 and 4.6)

>java -classpath baobab-luna.jar baobab.exec.permutati on.sort -0 -3,2,1,-4

1. 2. 3. 4. 5.
1> <1 1> <1 1>
5:3:1:2:4

o -3 42 +1 -4 1 cycles

Reversal distance: 4
Solution:

1. 2. 3. 4. 5.
1> <1 1> <1 1>
5:3:1:2:4
o -3 42 +1 -4 1 cycles
(from [1] -3 to -3 [2])
1. 2. 3. 4. 5.
2> <1 2> <1 1>
3:5:1:2:4
D +3 +2 +1 -4 2 cycles
_________ (from [2] +2 to -4 [5])

1. 2. 3. 4. 5.
2> .. 1> <2 1>
4 ..:5:1:3

2 +3 +4 -1 -2 3 cycles
_________ (from [1] +3 to -1 [4])

1.2.3. 4.5
<1l. . 1>
5.2

=41 -4 32 4 cycles
_________ (from [2] -4 to -2 [5])

o +1 +2 +3 +4 1 5 cycles

Figure 4.5: Sort the linear permutation ( 3;2;1; 4).

4.4.3 baobab.exec.permutation.performReversals

Performs a sequence of reversals in the given order. Each mxsal is given by a pair of integersi;j wherei is
the index of the point that corresponds to the rst extremity to the reversal andj is the index of the point
that corresponds to the last extremity to the reversal (i <j ). Each pair of reversals must be separated by g,
without spaces. An example is given in Figure 4.7.
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>java -classpath baobab-luna.jar baobab.exec.permutati onsort -I F -0 -3,2,1,-4

1. 2. 3. 4.
1> <1 1> ..
3:1:2 ..
w -1 -2 43 +4 1 2 cycles

Reversal distance: 2
Solution:

1. 2. 3. 4.
1> <1 1> ..
3:1:2 ..
w1 -2 43 +4 1 2 cycles
--- (from [1] -1 to -1 [2])
1. 2. 4.,
> .

A
wAN
N e w

@ +1 -2 +3 +4 3 cycles
--- (from [2] -2 to -2 [3])
1.2 3. 4

©o+1 +2 +3 +4 1 4 cycles
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Figure 4.6: Sort the circular permutation ( 3;2;1; 4) (observe that the circular permutations ( 3;2;1;, 4)

and ( 1; 2;3;4) are equivalent).

>java -classpath baobab-luna.jar baobab.exec.permutati on.performReversals
-0 -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1 -r "11,13|3,13"

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01
0 -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 : 5 cycles

Reversal distance: 8
Reversals:

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01
0 -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 : 5 cycles
———————— (from [11] +02 to -01 [13])
01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
04> ... 01> <01 03> <02 <03 <02 02> ... 04> 01> <01
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :01 :03 :12
0 -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +01 -02 : 6 cycles
(from [03] +1 2 to -02 [13])
01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
04> ... 05> <05 <04 ... <02 02> 03> 02> <03 01> <01
:05 ... :04 :03 :01 ... :08 :10 :11 :07 :09 :13 :12
;0 -04 -03 +02 -01 +05 +06 -07 -09 -10 +08 +11 -12 :: 7 cycles

Figure 4.7: Perform two subsequent reversals, the rst withextremities in points 11 and 13 and the second with

extremities in points 3 and 13, on the linear permutation ( 4; 3;12, 11; 8;10,9;7; 6; 5;2; 1).

4.4.4 baobab.exec.permutation.decomposeSignedPermutation

Decomposes a breakpoint graph of a signed permutation inta$ components. In each part, only one component

with long cycles is preserved, the others are properly repleed by adjacencies (see Figure 4.8).

4.45 baobab.exec.trace.analyzeTraces

Enumerates the traces of all sorting sequences of reversalsr the given signed permutation. This program
enumerates all traces without enumerating all solutions, &ad counts the number of solutions represented by
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>java -classpath baobab-luna.jar baobab.exec.permutati on.decomposeSignedPermutation
-0 -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 02> 03> <02 03> <03 ... 01> <01 <01
:11 ... :04 :13 :07 :08 :05 :09 :06 ... :12 :03 :01
0 -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 : 5 cycles

# of points......: 13
# of big comp....: 2
# of cycles....... 5
Reversal distance: 8

Component 1

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
. . 03> <03 02> <03 <02 ... ...
.. ... 210 :07 :11 :08 :09 ... ...
i +01 +02 +O3 +04 +05 +06 -07 -09 -10 +08 +11 +12 : 10 cycles

# of points......: 13
# of big comp..... 1
# of cycles......: 10
Reversal distance: 3

Component 2

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> .. 01> <01 ... ... ... ... ... ... 01> <01 <01
104 :13 . 12 :03 :01
i —04 03 +12 11 10 09 08 -07 -06 -05 +02 -01 :: 8 cycles

# of points......: 13
# of big comp....: 1
# of cycles......: 8
Reversal distance: 5

Figure 4.8: Decompose the breakpoint graph of the linear penutation into its two non-trivial components,
for =( 4; 3,12 11, 8;10,9;7; 6; 5;2; 1.

each trace. It returns the list of traces represented by thei normal forms and the respective number of solutions
in each trace. We can apply constraints to the trace constrution, according to the evolutionary properties of
the correponding genomes.

Attention:

1. This program does not deal with fortresses.

2. The number of traces may be huge for permutations with revesal distance greater than 12. During its
execution, the program has to keep a considerable amount ofada, but its intern organization allows
automatic partial compression of this data (see more detas in Section 3.1.1 of Chapter 3). There are
parameters to set the level of compression:

-X [integer] : maximum number of traces by compressible subset (default =3000)
-Y [integer] : maximum number of uncompressed subsets (default = 400)
-Z [integer] : maximum number of rules in pending insertion list by compressed subset (default =

200)
We give two examples of analyzing traces in Figures 4.9 and 40.

In order to construct the traces of a permutation by multiply ing the traces of its components, the
parameter -e 0 must be given. Figure 4.11 shows an example of this approach.
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>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces -0 -3,2,1,-4

1. 2. 3. 4. 5.
1> <1 1> <1 1>
5:3:1:2:4
-3 +2 +1 -4 1 cycles
summary:

Reversal distance: 4

4-traces:

{1H{1.-. 3{2H4} : [24]
{1.2.4)3} < {1.3.4} < {2.-4} : [4]

Total number of 4-traces: 2

Total number of solutions: 28

Figure 4.9: Analyze traces of the linear permutation ( 3;2;1; 4).

>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces
-0 -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.

01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01

:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01
o -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 :: 5 cycles
summary

Reversal distance: 8

Total number of 8-traces: 6
Total number of solutions: 31752

8-traces

{1.2}{1.2.5.-.12{2}{7}{8.10K12} < {1.-.4}8.9} : [100 80]
{1.-.12}{2}3.4.12}5.-. 11K7}{8.10} < {3.-.11}8.9} : [10080]
{1.-.12}{2.-.12}2.5.-. 12{7}{8.10{12} < {2.-.4}{8.9 } : [10080]
{1.2{7K8.10} < {1.5.-.11}{8.9} < {1.3.4.12} < {2.-.12} 3.-.11} : [336]
{2.-.12}{7}{8.10} < {1.3.4.12}8.9} < {1.5.-.11} < {1.2K 3.-.11} : [336]
{2.5.-.12}{5.-.11}{7}{8.10} < {1.12}{8.9} < {1.5.-.11} < {1.-.4} : [840]

Figure 4.10: Analyze traces of the linear permutation ( 4; 3;12 11, 8;10;9;7; 6, 5;2; 1).

Applying biological constraints
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When a list of biological constraints C is applied, the program analyzes the space of all sorting segnces
that respect the constraints in C and construct C induced subtraces instead of full traces. This program
enumerates all non-empty C induced subtraces without enumerating all solutions, and ounts the number

of solutions represented by eaclC induced subtrace. It returns the list of non-empty C

induced subtraces

represented by the normal forms of the corresponding tracesand the respective number of solutions in each

strata-induced subtrace.

1. Analyzing the perfect traces of a permutation: the parameer -p -1 may be given (see Figure 4.12). The

version of this program that accepts common interval breakss not implemented in baobabLuna .

2. Analyzing the progressive perfect subtraces of a permut&n, accepting at mosti 0 common interval

breaks: the parameter-p i may be given (see Figure 4.13).

3. Analyzing the strata-induced subtraces of a permutation the permutation must be linear, the rst stratum
is assumed to start in point 1, then each stratum starts in the end point of the previous stratum. The
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>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces
-0 -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1 -e 0

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01
0 -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01 : 5 cycles

summary

Reversal distance: 8

Component C1 (Reversal distance: 3)

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
. . 03> <03 02> <03 <02 ... ...
. v .. 110 :07 :11 :08 :09 ... ...
i +01 +02 +O3 +04 +05 +06 -07 -09 -10 +08 +11 +12 : 10 cycles

3-traces
{7}8.10} < {8.9} : [3]

Component C2 (Reversal distance: 5)

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> .. 01> <01 . e e e . 01> <01 <01
104 :13 . 12 :03 :01
04 03 +12 11 10 09 08 -07 -06 -05 +02 -01 :: 8 cycles

5-traces

{1.2}{1.2.5.- 122112} < {1.-4} : [60]
{1.-12}{2}{3.4.12}{5.- 11} < {3.-.11} : [60]
{1.-12K2.-.12}{2.5.-. 1212} < {2.-.4} : [60]

{1.2} < {1.5.-.11} < {1.3.4.12} < {2.-.12}3.-.11} : [2]
{2-12} < {1.3.4.12} < {1.5.-.11} < {1.243.-.11} : [2]
{2.5.-.121{5.-.11} < {1.12} < {1.5.-.11} < {1.-.4} : [5]

8-traces (obtained from the multiplication of the traces of C1 and C2)
{1.24{1.2.5.-.12{2}{7}{8.10K12} < {1.-.4}{8.9} : [180 ]
{1.-.12}{2}{3.4.12}{5.-.11}{7}{8.10} < {3.-.11}{8.9} : [180]
{1.-.12}{2.-.12}{2.5.-.12}{7}{8.1012} < {2.-.4}8.9 } 1 [180]
{1.2{7X8.10} < {1.5.-.11}{8.9} < {1.3.4.12} < {2.-.12} 3.-.11} : [6]
{2.-.12}{7}8.10} < {1.3.4.12}{8.9} < {1.5.-.11} < {1.2{ 3.-.11} : [6]
{2.5.-.12}{5.-.1117}{8.10} < {1.12}{8.9} < {1.5.-.11} < {1.-.4} : [15]

Total number of 8-traces: 6
Total number of solutions: 567

Figure 4.11: Analyze traces of the linear permutation ( 4; 3;12; 11, 8;10;9;7; 6; 5;2; 1)by multiplying
the traces of its componentsC1 and C2. To obtain the real number of sequences in each trace and thital
number of solutions, we must multiply the given number of segiences in each trace and the given number of
solutions by M (3; 5) = 56.

strata end points may be given by the following parameter:
-s [points] : points may be separated by commas, without spaces. Example
-s 7,15,23 (see Figure 4.14).

4. Compatibility between constraints: some contraints arecompatible and can be applied together. However,
if we try to run the program applying incompatible contraint s, such as strata (parameter-s) together
with progressive detection of common intervals (parameter-p 0) the program will not be launched and
an error message will be written in the output (Figure 4.15).
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>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces -p -1
-0 -5,-2,-7,4,-8,3,6,-1

1. 2. 3. 4. 5.6.7.8.09.

1><1 1><1 1> 1> <1 1> <1

7 :5:6:8:9:2:4:3:1
:-5-2-7 +4 -8 43 +6 -1 1 cycles
summary

Reversal distance: 8

8-traces

{1.-.8}{212.-.5.7.8}{2.4.7} < {2.3.7.8}{2.8} < {2.-.6} {7.8} : [1288]
{1.-.8{2K2.-.5.7.8}{2.4.7}{3.8} < {2.4.-7TH{4.-.6} < {3.-.7} : [2072]

{i.-.8}{2.4.7.8} < {2.-4.6.7} < {2.35.-.8} < {2.-.6.8} < {45.7.8} < {4.6.7} < {5.-7} : [8]
{1.-.843.4.6.8} < {2.6.7} < {2.-4.8} < {4.6.7} < {3.6.-8 } < {3.-5.8} < {3.-.7} : [8]

Total number of 8-traces: 92
Total number of solutions: 51304

Figure 4.12: Analyze perfect traces of the linear permutaton ( 5; 2; 7;4; 8;3;6;, 1).

>java -classpath baobab-luna.jar baobab.exec.trace.ana lyzeTraces -p 0
-0 -5,-2,-7,4,-8,3,6,-1

1. 2.3.4.5.6.7.8.09.
1><11><11>1><11><1
7 :5:6:8:9:2:4:3:1
-5 -2 -7 +4 -8 +3 +6 -1 : 1 cycles
summary

Reversal distance: 8

8-traces

{1.-.82}2.-.5.7.8}{2.4.-.7}{3.8{2.4.7}{4.-.63 .-.7} (representative)
{1.-.82}2.-.5.7.8}{2.4.7}{3.8} < {2.4.-7}H{4.-.6} < {3.-.7} (normal form)
[112] (size)

{1.-.8}{2}2.-.5.7.8}{3.8}{4}{3.4.7}{2.-.4}2.-.6} ( representative)
{1.-.8{2K2.-.5.7.8}{3.8}{4} < {3.4.7} < {2.-.4}{2.-6 } (normal form)

[1344] (size)

{1.-.842.-.5.7.8}{2.4.-.7}{2.3.5.-.842.-.6.843.4 .7.843.-.7H{5.-.7} (representative)
{1.-.8}{2.-.5.7.8} < {2.4.-.7} < {2.3.5.-.8} < {2.-.6.8} < {3.4.7.8} < {3.-.7{5.-.7} (normal form)
[16] (size)

Total number of 8-subtraces: 12
Total number of solutions: 11568
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Figure 4.13: Analyze progressive perfect subtraces of 6; 2; 7;4; 8;3;6; 1), whichis a linear permutation.
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>java -classpath baobab-luna.jar baobab.exec.trace.ana I

-s 3,11,13 -0 -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1

01. 02. 03. 04. 05. 06. 07. 08. 09. 10. 11. 12. 13.
01> ... 01> <01 03> <02 <03 <02 02> ... 01> <01 <01
:11 ... :04 :13 :07 :09 :05 :06 :08 ... :12 :03 :01

: -04 -03 +12 -11 -08 +10 +09 +07 -06 -05 +02 -01

summary
Reversal distance: 8

Strata end points:

> 3 (between -3 and 12)

> 11 (between -5 and 2)

> 13 (after -1)

8-traces

{1.2}{2}{1.2.5.-.12}{7}{8.10412}{8.9K1.-.4} (repre
{1.2}{1.2.5.-.124{2}{7}{8.10412} < {1.-.448.9} (norm
[420] (size)

Total number of 8-subtraces: 1
Total number of solutions: 420

2 5 cycles

sentative)
al form)

yzeTraces

Figure 4.14: Analyze strata-induced subtrace
permutation ( 4; 3;12, 11; 8;10;9;7; 6;

s with strataend points in (03.), (11.) and (13.), for the linear
52 1).

>java -classpath baobab-luna.jar baobab.exec.trace.ana
-s 3,11,13 -0 -4,-3,12,-11,-8,10,9,7,-6,-5,2,-1 -p 0

ABORTED: It is not possible to consider strata together with

lyzeTraces

progressive detection of common intervals.

Figure 4.15: Strata (parameter-s) and progressive detection of common intervals (parameterp) are incom-

patible constraints when analyzing traces of a

linear permtation. The program is aborted.
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A.1 Complexity of algorithms

Theoretical complexity of Algorithm 2.

The algorithm of Siepel [40], that searchs all optimal 1 sequences for a given permutation, results in
O(n?) optimal 1 sequences. For each step, the size of the set of optimali sequences is therefore at most
n? n? ::: n?(i times), thatis, O(n?). Since the algorithmpof Siepel has complexityO(n®), we can enumerate
the set of all optimal sorting sequences in time at mosn? 5:1 n?k, wheren is the size andd is the reversal

distance of the input permutation (d is O(n)). In this way, Algorithm 2 has time complexity O(n?"*3). 2

Theoretical complexity of Algorithm 3.

Since the reversal distance and the interval sizes are boued by n, the procedure has complexity
O(n?logn), considering that the elements of each reversal have to beosgted, which takes O(nlogn), and that
comparing reversals may be done irO(n). 2

Theoretical complexity of Algorithm 4.

The set of all optimal d sequences can be computed with Algorithm 2 that has complegy O(n?"*3),
where n is the size of the permutation. There remains to construct the normal form of each trace and to group
the sorting sequences by trace.

The normal form of each sorting sequence is compared to a ligif previously constructed normal forms
of traces, so that the trace counter is incremented if it exi¢s already; otherwise the trace is inserted in the list
with counter equal to 1. This may take O(n? logN) operations, whereO(n?) is the size of a trace andN is the
number of found traces. AsN is bounded by the number of sorting sequences, we haveé logN  n?log(n?") =
2nslogn.
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Eventually, the total time complexity for enumerating all t he normal forms of the traces is bounded by
O(n?"*3)+ O(n?"(n%logn + 2n3logn)) = O(n?"*3 logn). 2

Theoretical complexity of Algorithm 5.

As we saw, the algorithm basically repeats the same procederfor each pre x of a nal trace (see
Figure A.1). To each pre x we rst apply the reversals of its n ormal form to the initial permutation (this takes
0O(n?)). Then we compute the next 1 sequences thanks to the algorithm of Siepel [40], that has caplexity of
O(n®) and may return O(n?) 1 sequences. Each one of these returned sequences is added to the previous
pre x in O(n?). Thus, each pre x is processed inn? + n®+ n? n?, thatis O(n%).

Figure A.1: Processing a pre x of a trace when computing traes. To each pre x we rst apply the reversals
of its normal form to the initial permutation. Then we comput e the next 1 sequences thanks to the algorithm
of Siepel [40], that has complexity ofO(n®) and may return O(n?) 1 sequences. Each one of these returned
1 sequences is added to the previous pre x irD(n?). Thus, each pre x is processed inO(n%).

Consequently, the complexity of Algorithm 5 depends on the btal number of pre xes, that is given
by id:(l) trc (i), where trc(i) is the number of i traces of optimal i sequences. To give an estimation of the
number of pre xes of a trace, we need to adopt a representatio of the traces as partially ordered sets (posets).
It is possible to represent a traceT that contains an optimal sequence 1::: 4 by a partial ordering of the set
Pr =f(i;k)gi, 1 i d, wherek; is the number of occurrences of the reversal; in 1::: 4. The relation
<7 is de ned as the transitive closure of the relation , itself de ned by ( i;ki) ( j;k;j) if and only if i <]
and ; and ; overlap. In other words, ( i;ki) <t ( j;k;) if and only if the k" ; is always before thekjth

i in the elements of T (see [21]). For example, T = f1;2;4gf3g < f1;3;4g < f2;3;4g is a trace of optimal
sorting sequences of reversals for the permutation (3;2;1; 4). The elements ofPr are (f1;2;4g; 1), (f3g; 1),
(f1;3;4g; 1) and (f 2; 3;4g; 1), and the relations are f1;2;4g;1) <t (f1;3;4g;1), (f1;3;4g;1) <t (f2;3;40;1)
and (f1;2;4g;1) <t (f2;3;4qg; 1).

The set Pt with the relation <t is a partially ordered set (poset). A linear extension of a poset is a
total order < which satises <t ) <t . The set of all linear extensions of Pt;<7) is exactly the
set of elements of the traceT (see [21]). We may therefore identify the traceT and the poset P1;<7), and
simply speak about the posetT.

The height of a trace T (or poset P) is the cardinality of the maximum set of elements of Pt that is
totally ordered by the relation <t. Itis also the number of sub-sequences; in the normal form of the trace T.

The width of a trace T (or poset Pt) is a maximum cardinality set of elements of Pt that are not
comparable by the relation <. It correponds to the largest subset of reversals off in which every pair of
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reversals commute and is at least (but in general not equal tpthe maximum size of a sub-sequence; in the
normal form of the trace T. The width of a poset can be computed in polynomial time thanks to a reduction
of Fulkerson [23] to a bipartite matching problem.

The representation of a trace as a poset allows us to use the pmeters of the poset in the computations
of the complexity of the algorithms, and it is also a nice way b present the solution of sorting by reversals.
Indeed, a poset corresponds to a set of reversals that may havoccurred during evolution and that could
therefore help explain the di erence between the organisdabn of two genomes. It indicates what we know and
what we do not know about the order in which these potential reversals occurred. Instead of giving a list of
sequences, or a unique sequence representing an equivakeiotass, the poset therefore givesne possible sorting
sequence, with uncertainties as concerns the exact shape thfe sequence.

An ideal of a poset Pr;<7) is a subsetU of Pt suchthatif 2 U and <t ,then 2 U. Itis very
easy to see that ideals of posets and pre xes of traces corigsnd to the same notions, and that in particular,
the number of pre xes of a trace T is exactly the number of ideals of the poset Pt; <1). The advantage of this
notation is that the number of ideals of a poset can be estimatd. It is bounded by nk, where n is the size of
Pt and k is the width of the poset [42].

The number of i traces that we generate is therefore bounded byNn*m=  where N is the number of
d traces andkmax is the maximum width of a d trace. Given this estimation, we may give a bound to the
complexity of our algorithm. Indeed, for everyi trace,1 i d 1, we apply anO(n?) algorithmto nd all the
1 sequences. For all these 1sequences (there are at most? of them), we then apply Algorithm 3 to construct
the normal form of the (i+1) trace, and compare the constructed normal form to the curremlist of normal forms
of (i +1) traces. This gives a nal complexity of O(Nnkm= (n3+ n2(n? + nlog(Nnkmx )))) = O(Nnkmax +4),

Observe that computing the number of linear extensions of a pset is #P complete [16], and the best
known algorithms run in O(n*), where n is the size of the poset andk is its width [43]. Our algorithm counts
the number of elements in eachd trace, that is the number of linear extensions of the associed posets. Our
time complexity thus nearly reaches the best known complexy for the counting part.

The posets corresponding to the traced 1gf1; 2; 3gf2gf4g and f 1;2;4gf3g < f1;3;4g < f2;3;4g, that
represent all optimal sequences sorting = ( 3;2;1; 4), have widths 4 and 2 respectively. In gure 2.11 we
can observe that the number of pre xes of tracef 1gf1; 2; 3gf 2gf 4g, that has the higher width, is e ectively
higher than the number of pre xes of trace f 1; 2;4g9f3g < f1; 3;4g < f2; 3; 4¢.

If in general the width of a poset may be as large as its number foelements, we have made some
experiments on simulated permutations (see Figure A.2) whth show that, in practice, this parameter is often
lower, which explains the speed-up of our algorithm compare to a total enumeration procedure.

Theoretical complexity of Algorithm 6.

As we have seen before, Algorithm 5 has complexityO(Nnkmax *4) where n is the size of the input
permutation , N is the number of computed nal traces and knax is the maximum value for the width of a
nal trace. The 4 in the exponent of this formula is due to the processing of eachi( 1) trace T to generate
the subsequenti traces, given by the following procedure: (1) apply the segances of reversals of , which is
the normal form of T, on the initial permutation  to obtain ¢ ; (2) run Siepel's algorithm [40] over ¢ ; (3) add
each one of theO(n?) reversals returned by Siepel's algorithm toT to compute a newi trace. The complexity
of this procedure is (1) + (2) + (3) = n? + n%+ n2:n?, that results in O(n*).

With respect to the original algorithm, in order to compute p rogressive perfect subtraces we added two
new steps to the processing of ani( 1) subtracet to generate the followingi subtraces: (1B) computing the
irreducible common intervals in ¢ ; (2B) Itering each reversal returned by Siepel's algorithm. Computing the
irreducible common intervals can be done inO(n) time [27]. Filtering the reversals, that is, testing whether
each one of theO(n?) reversals returned by Siepel's algorithm overlaps with eah one of the irreducible common
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permutation with n=20 and d=8; permutation with n=20 and d=10; permutation with n=20 and d=12;
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Figure A.2: Distribution of the width of posets for 3 random permutations of size 20 and di erent reversal
distances =8, d =10 and d = 12). For each permutation, we computed the traces of optimd sequences and
we calculated the number of occurrences of each width in thertces.

intervals can take n:n:n, because comparing two intervals (a reversal and a common ferval) takes O(n) and

each reversal has to be compared t®(n) [27] irreducible common intervals. Thus, the complexity d processing
an (i 1) subtrace is given by (1) + (1B)+(2)+(2 B)+(3) = n?+ n+ n®+ n*+ n*, that results in O(n*).

Consequently, the complexity of the modi ed algorithm is O(Ln*m= *4) where L is O(N) and represents the
number of computed nal progressive perfect subtraces.

Observe that, for calculating perfect traces, we compute tle irreducible common intervals once for the
input permutation , and then we only have to introduce the ltering step, whose mmplexity is O(n*), in the
original algorithm. Thus, the theoretical complexity in th is case isO(Mnkm= *4) where M, the number of
computed nal perfect traces, is alsoO(N). 2

Theoretical complexity of Algorithm 7.

The complexity is the same of Algorithm 5: since the positionof a stratum in the genome remains
unchanged until the stratum is created, to select a reversawe only need to compare its boundaries to the
boundaries of the next stratum to be created, which takes costant time. Thus, the selection step can be
done in time O(n?) since the number of reversals returned by Siepel's algoritm is O(n?) (n is the size of the
permutation). The number of selected big and small reversa is also bounded byn?. 2

A.2 Proofs of propositions

Proof of Proposition 1

The extremities of a split or neutral reversal are in the same cycle, and consequently, in the same
component of . The other components of are either completely within , or completely external to . If
a componentC is within , all points in C are inversed, but the number of cycles, and the relative diretions
of the black edges in the cycles oL remain unchanged. If a componentC is external to , then C remains
obviously unchanged. 2

Proof of Proposition 2
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We saw that, for each sequence 2 S sorting into r, there is a sequencénv (s) 2 inv (S) that sorts
into . By contradiction, we prove that inv (S) contains all sequences that sort 1 into . Otherwise, suppose
a sequenceau 2 inv(S), such that u sorts 1 int . Then we would have a sequencév (u) that sorts  into

T and, sinceu 2 inv(S), inv(u) 2 S. This is a contradiction, becauseS is assumed to contain all sequences
sorting into .

The proof in the opposite direction is analogous. 2

Proof of Proposition 3

We saw that eachs is a sequence sorting into r, thus, inv(s) is a sequence sorting t into . For
each pair of sequences;s’ 2 T, we always obtain a pair inv (s);inv(s% of equivalent sequences under the
commutation of non-overlapping reversals (each pair of noroverlapping reversals and in s and s® has a
corresponding pair of non-overlapping reversals and in inv(s) and inv (s%), thus all sequences ininv (T) are
equivalent. By contradiction, we prove also that inv(T) is a trace, that is, for a given sequenceu 2 inv(T),
all sequences that sort t into and are equivalent tou are in inv(T). Otherwise, suppose a sequence that
is equivalent to u, such that v is not in inv(T). Then we would have a sequencénv (v) that is equivalent to
inv (u), and, while inv(u) is in T, inv(v) is not. This is a contradiction: since T is assumed to be a trace, it
contains all sequences that are equivalent under the commation of non-overlapping reversals.

The proof in the opposite direction is analogous. 2

Proof of Proposition 4

Recall that the formula for the reversal distance isd( ) = pts( ) cyd )+ hrd( )+ frt ( ). Since a
merge reversal joins two cycles, it decreaseyd ) by one. However, when a merge reversal is used to eliminate a
fortress, it decreasedird( ) by one andfrt ( ) by one. A merge reversal can also be used to merge two hurdles
and in this case it decreasesird( ) by two. If the permutation has at most one unoriented component,
frt ( )=0and hrd( ) 1. Thus a merge reversal applied to can not decreasdrt ( ) and decreasesrd( )
at most by one. Consequentely, if has at most one unoriented component, no optimal sequence gimg
contains merge reversals. 2

Proof of Proposition 5

Lets= ; ,::: 4 be an optimal sequence of reversals sorting, with d = d( ). The permutation has
at most one unoriented component, thuss has only split or neutral reversals (Proposition 4). Since ach split
or neutral reversal a ects one single component of (Proposition 1), we can construct the component-speci c
subsequencess, S, ..., Sc as follows. In the beginning, eachs; is an empty sequence. Take each reversak
of s (k from 1 to d) and concatenate | to the sequences;, corresponding to thei™ component of , that is
aected by . Each g is concatenated to exactly one subsequenc®, thus jsj = jsij+ jspj+ :::+ js¢j and each
S; contains only reversals that are internal to the i!" non-trivial component of . 2

Proof of Proposition 6

Itis easy to see thatany traceinT; T, ::: T 1 T ¢isalsoinT. By contradiction, we show that
anytraceinT isalsoinTy T o ::: T¢ 1 T¢. Supposeatracel 2T thatisnotin Ty T, 10 T¢ 1 Te.
Since has at most one unoriented component, each optimal sequence?2 T sorting can be partitioned in
¢ subsequences,, Sz, ..., Sc, Wherejsj = js;j + jSpj + :::+ jScj and eachs; contains only reversals that are
internal to the i non-trivial component of  (Proposition 5). Thus TisinTy T ::: T¢ 1 T ¢, whichis
a contradiction. 2
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Proof of Proposition 7

It is easy to see that breaking a irreducible interval in the dhain that generates a reducible interval also
breaks . Since each pair of consecutive irreducible intervals in th chain that generates have a non-empty
intersection, breaking breaks at least one irreducible interval in the chain that generates . 2

Proof of Proposition 8

If any sequences = ::: i for sorting a permutation is perfect, by de nition none of 1;:::; «
overlap some common interval of . So any sequence with the same reversals in a di erent ordesiperfect. This
is the case for all the sequences of a trace, so if one sequenta trace is perfect, they all are. 2

A.3 Proofs of theorems

Proof of Theorem 1

The proof is by induction. We prove that at the end of step i of the main loop of Algorithm 5, the set
T contains all the normal forms and the size of thei traces of optimal sequences for .

For i =1, each 1 trace is generated by running the algorithm of Siepel [40] o8r and the size of a
1 traceis 1.

For an arbitrary2 i d( ), by hypothesis, T contains all the normal forms and the size of the optimal
(i 1) traces. Everyi trace has a pre x in this set, since a pre x of sizei 1 of an optimal i sequence is an
optimal (i 1) sequence. So every trace is found froman (1) trace by adding a 1 sequence.

Now it remains to prove that the cardinality of an i trace T is the sum of the cardinalities of its
(i 1) prexes, so that the right size of all traces is computed. Let 1;:::;  be the reversals that are in
the last position of at least one sequence ifl. Let xjpbe the number of elements ofl which have j as their
last position. Then the number of sequences of is ; xj. Now, for all j, since ; is the last reversal of an
optimal i sequencex;:::X; 1 j of T, X1:::X; 1 is an optimal (i 1) sequence of reversals, so it belongs to
an (i 1) trace TCof sizex;. By the induction hypothesis, the size of the traceT is therefore the sum of the
sizesof all { 1) prexes of T, and the algorithm provides this size, since it generates &lpre xes. 2
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